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Abstract

Lightning is one of the most spectacular phenomena on Earth. Despite its
prevalence in our lives, it still holds many unknowns. In this thesis, we will be
dealing with a fundamental problem in Lightning Physics, the stepped propa-
gation of lightning channels as they head to the ground. The stepping mecha-
nism is crucial to understand other processes such as the emission of X-rays or
gamma radiation reported by numerous observations of lightning discharges

in the last decades.

The stepping mechanism involves widely separated space and time scales:
from nanoseconds to tens of microseconds and from a few micrometers up to
tens of meters. Currently, observations are not able to resolve the tiniest scales
associated with lightning. However, numerical models settle a framework to
simulate basic phenomena in Lightning Physics and study its most elusive

scales.

This thesis aims to study the stepped propagation of lightning channels with
a prominently numerical approach. We have built a self-consistent state-of-
the-art 2D cylindrically symmetric model that accounts for charge transport,
electrostatic interactions, gas heating, and expansion. In our efforts for im-
proving our model, we have implemented a numerical method to solve the
Poisson equation that allows us to reduce the size of the computational do-
main, speeding up our simulations. This method is also valid to optimize the

calculation of the photoionization term in streamer discharge codes.

We have used our model to investigate the emergence of space stems. These
are luminous spots that appear ahead of an advancing leader mediating the

leader’s stepped propagation. We show that space stems start as regions of



locally depleted conductivity that form in the streamers of the corona around
the leader. An attachment instability enhances the electric field leading to
strongly inhomogeneous, bright, and locally warmer regions ahead of the

leader that explain the existing observations.

Space stems are known to readily launch counter-propagating streamers. These
are believed to heat the space stem close to leader temperatures. Similarly,
high-altitude electric discharges such as sprites develop a non-thermal version
of a space stem known as glow. As space stems, glows also shoot counter-
propagating streamers. We have studied the mechanism underlying the onset
of these counter-propagating streamers with the AFIVO 3D streamer model.
Our results show that an attachment instability leads to a charge accumula-
tion at the boundaries of the glow, which enables it to shoot these counter-

propagating streamers. This explains the characteristic shape of carrot sprites.

Finally, we have studied the effect of a forced electric current through a space-
stem-like structure. The source of this electric current could be the counter-
propagating streamers mentioned above. In the same way, we have studied
the influence of water in the development of a space stem under such con-
ditions. Our results show that water enhances the initially small plasma in-
homogeneities. This explains some of the features observed in the leader
stepping and highlights the relevance of water chemistry models to address

leader propagation.



Resumen

Los rayos son uno de los fendmenos mas espectaculares en la Tierra. A pe-
sar de su prevalencia en nuestra vida, todavia guardan muchos secretos. En
esta tesis, vamos a tratar un problema fundamental en Fisica de Rayos, la
propagacion a saltos del canal de un rayo a medida que se propaga hacia el
suelo. El “mecanismo a saltos” es crucial para entender otros procesos como
las emisiones de rayos X y radiacién gamma observadas por numerosos ex-

perimentos en las dltimas décadas.

El “mecanismo a saltos” involucra escalas espacio-temporales muy diversas:
desde los nanosegundos hasta las decenas de microsegundos y desde los pocos
micrometros hasta las decenas de metros. Actualmente, las observaciones no
son capaces de desentrafiar las escalas mds pequefias asociadas a los rayos.
Sin embargo, los modelos numéricos proporcionan un entorno para simular
fendmenos bésicos en la Fisica de Rayos y asi estudiar las escalas de tiempo

mas elusivas.

Esta tesis tiene por objeto estudiar la propagacion a saltos del canal de un
rayo con un enfoque eminentemente numérico. Hemos desarrollado nuevo
modelo numérico 2D con simetria cilindrica capaz de describir el transporte
de carga, las interacciones electrostéticas, el calentamiento y la expansion del
gas que se dan en una descarga eléctrica. Al desarrollar un modelo numérico,
es siempre importante su optimizacion para asi agilizar las simulaciones. Para
ello hemos implementado un método numérico que nos permite resolver la
ecuacién de Poisson en un dominio computacional ajustado a las dimensiones
fisicas de la descarga que simulamos. Este método también se puede utilizar
para optimizar el calculo del término de fotoionizacién que aparece en los

c6digos numéricos de descargas tipo dardo.



Hemos usado nuestro modelo para investigar el origen de los tallos espaciales.
Estos son manchas luminosas que aparecen delante de un lider a medida que
se propaga. Nuestros resultados muestran que los tallos espaciales se originan
en zonas de conductividad reducida en los dardos que forman las coronas en
torno al lider. Una inestabilidad de adhesion incrementa el campo eléctrico en
estas zonas de conductividad reducida. Esto conduce a zonas inhomogéneas,
brillantes y més calientes delante del lider que explican las observaciones ex-

istentes.

Los tallos espaciales son capaces de lanzar descargas tipo dardo. Estas descar-
gas podrian ser responsables de calentar el tallo espacial hasta temperaturas
cercanas a las del lider. De igual manera, descargas eléctricas a gran altitud
como los “sprites” desarrollan una version a temperatura ambiente del tallo
espacial que se conoce como brillo”. Como los tallos espaciales, los brillos
son capaces de lanzar dardos. Hemos estudiado el mecanismo que subyace
al lanzamiento de estos dardos con AFIVO 3D, un modelo para descargas
eléctricas de tipo dardo. Nuestros resultados apuntan a que, de nuevo, una in-
estabilidad de adhesién produce una acumulacién de carga en los bordes del
“brillo”, lo que lleva al lanzamiento de descargas tipo dardo. Esto explica la

caracteristica forma de los ”sprites” de tipo zanahoria.

Finalmente, hemos estudiado el efecto que tiene una corriente fluyendo a
través de un plasma similar al tallo espacial. El origen de esta corriente podria
ser las descargas tipo dardo que emanan del mismo. También hemos estudi-
ado la influencia del agua en el desarrollo del tallo espacial bajo una corriente
eléctrica forzada. Nuestros resultados muestran que el agua favorece el desar-
rollo de inhomogeneidades en el plasma que inicialmente eran pequefias. Esto
explica algunas de las caracteristicas observadas en los saltos de los lideres y
subraya la importancia de que los modelos quimicos incluyan agua para abor-

dar la propagacién del lider.
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Chapter 1

Introduction

1.1 Motivation: Lightning and long spark discharges

Lightning is one of the most spectacular phenomena on earth. Every second, around ten
lightning flashes strike some point on Earth (Christian et al., [2003)), initiating wildfires,
causing injuries (Rakov and Uman, 2003a) or damaging structures such as wind turbines
(Montanya et al., |2016) causing millions of dollar losses every year. Nevertheless, we
also benefit from smaller-scale discharges to treat surfaces (Bdrdos and Barankovadl [2010),
clean the air (Veldhuizen, vanl 2000)) or treat wounds (Nasir et al.,[2016).

Despite its prevalence in our daily life, lightning still holds many unknowns: as they
head towards the ground, most lightning channels propagate in a discontinuous manner or
a series of “’steps” (Biagi et al.| 2010). We do not know why. Related to this, during this
stepped-wise propagation, the lightning channel emits X-ray bursts (Moore et al., 2001}
Dwyer, 2004). The precise mechanism whereby this happens is just partially understood.
Satellites also report the emission of upward-directed gamma-ray radiation from thunder-
storms, known as Terrestrial Gamma Flashes (TGFs)(Fishman et al.,|1994)). There are two
main mechanisms (Dwyer et al.,|2009;|Celestin et al.,|2012)) trying to address this problem,
currently, we do not know which one is the right one.

It is well known that lightning is a very long spark discharge, similar to those long
spark discharges in the laboratory with electrode gaps longer than around 2m. Same

physics at different space and time scales (Aleksandrov and Bazelyan, 1999). Therefore,



1. INTRODUCTION

significant knowledge of lightning discharges comes from the study of long spark dis-
charges in the laboratory and vice versa. We will interchangeably speak about them to
describe their features.

Depending on the starting and final point, lightning flashes are generally classified as
cloud-to-cloud (CC) or cloud-to-ground (CG). CC lightning flashes constitute 75% of the
total, including intracloud, intercloud, and cloud-to-air flashes. Only 25% of the lightning
flashes hit the ground and out of that number, 90% are negative lightning flashes. A neg-
ative CG lightning flash (CG-) “effectively” transports negative charge from the cloud to
the ground while a positive CG lightning flash (CG+) does the same for positive charge
(Rakov and Uman, 2003Db).

A CG- flash is composed of a luminous downward-traveling discharge, the leader, fol-
lowed by a brighter upward-traveling discharge, the return stroke (Schonland and Collens,
1934). FigureE] shows the leader (1) surrounded by a streamer corona (2) (Raizer,[1991}
Cooray|[2003), a fan of faint, cold, and filamentary discharge channels that propagate due
to a high electric field at their tips and pave the path for the advance of the leader. The

leader advances as a section of the streamer corona heats and joins the leader.

Height above
ground
(m)

Figure 1.1: Frame of a high-speed recording of a negative leader propagating towards the
ground. The main leader (1) advances as sections of the streamer corona (2) heat. Negative
leaders advance in a series of steps punctuated by the so called space stem (3) that later becomes
the new leader tip after a step is completed. (Biagi et al.,|2010).



1.2 Fundamental processes in electric discharges

While positive leaders advance in a continuous manner (Les Renardieres group, | 1978b)),
negative leaders advance in a stepped fashion with step lengths ranging from a few meters
to tens meters and with waiting times in the microsecond scale (Schonland et al., |1935;
Gorin et al.||1976;|Les Renardieres group,|1978a). Experiments in laboratories (Schonland
et al.,[1935;|Gorin et al.,|1976;|Les Renardieres group,|1978a), as well as observations of
artificial and natural lightning (Biagi et al.,[2014} Hill et al., 2011} | Gamerota et al.,[2014),
show that the streamer-to-leader transition is mediated by the so-called space stem (3) (fig-
ure[I.T)), a bright region that emerges in the streamer corona, separated from the leader tip
a length comparable to the length of the leader steps. Then, the space stem evolves into a
hot plasma, named space leader, that becomes the new leader tip once a step is completed.

The mechanism that leads to the formation of the space stems is so far unknown.
However, its understanding is fundamental to fully address the polarity asymmetry as well
as the leader propagation. This is the problem that we address in this thesis.

Next, we will shortly introduce some concepts and processes in electric discharges that

are fundamental to understand leader discharge propagation.

1.2 Fundamental processes in electric discharges

1.2.1 Transport processes

An electric discharge occurs whenever a sufficiently high electric field is applied to an
insulating medium such as air. Under that electric field E, electrons will accelerate and
gain energy that will be partly lost in collisions with neutrals. This gain-loss energy process

gives rise to an average electron velocity, the drift velocity
v = —lE, (1.1

where (, is the electron mobility. The electron mobility is inversely proportional to the
electron mass and the collision frequency, which in general depends on the electric field.
Ions also drift under the electric field but, being heavier, its response is slower, and hence

the associated mobility smaller.
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The transport of charges in the drift motion leads to an electric current j that to a good

approximation follows Ohm’s law,

j=cE. (1.2)

Here, o is the electric conductivity,

o= Z nsq s, (1.3)

where the sum extends over the species s, and n; and g, are the number density and electric
charge of the species s respectively. It usually happens that the electron density, as well
as the electron mobility, are several orders of magnitude larger than those of the ions, and
thus, it is common to neglect the ionic current.

Although a minor process in streamer discharges, diffusion is often considered in nu-
merical models: whenever there are density gradients, electron and ions diffuse towards

lower density regions. The diffusion flux is defined as

I's = D,Vny, 1.4)

where s labels the species and Dj is the diffusion coefficient. As for mobility, diffusion
coeflicients for ions are usually orders of magnitude smaller than the electron diffusion
coefficient. In many applications, it is common to neglect the diffusion of ions.

Electrons and ions collide with neutrals of the background gas, losing a fraction of the
energy gained from the electric field. The energy density loss per unit time is the Joule

heating:

Q=j-E=cE. (1.5)

1.2.2 Kinetic processes

Next, we will describe the relevant processes that electrons immersed in an electronegative

gas such as air undergo in the drift motion.



1.2 Fundamental processes in electric discharges

1.2.2.1 Ionization

Ionization is a mechanism of electron-ion pair production. In particular, ionization by
electron impact is one of the main mechanisms of charge production in electric discharges
at room temperature such as streamers. As one electron accelerates in an electric field,
it gains energy. In a collision with an/a atom/molecule, the electron can release a further
electron. For discharges in air at room temperature, the main species to ionize are N, and
O, molecules with ionization potentials of 15.6eV and 12.2eV, respectively (Bazelyan

and Raizer,|1997). The ionization rate is given by

dn,
dt

= (no,ki0, + ny,kin,)ne = vine, (1.6)

where n,, np, and ny, are the electron, oxygen and nitrogen densities, k; o, and k; y, are the
electron impact rate coefficient for O, and N, and v; is the “effective” ionization frequency.
For a constant ionization frequency, the electron density experiences an avalanche growth

from its initial value 7,

ne = ngoe’’. (1.7)

In the range of energies of this thesis, the higher the electron energy, the higher the
probability to ionize further atoms and molecules. In a collision, an electron can excite
electronically an atom so that the electrons in the outer layer are not so tightly coupled to
the nuclei. Then, a subsequent electron-impact collision can release one of these electrons.
This process requires less energy, in fact below the ionization potential. As we will see,
electronic excitation has a lower potential threshold and therefore there are more excitation
than ionization events. This is fundamental for the production of ionizing photons.

Photoionization is another relevant charge production mechanism (Zhelezniak et al.,
1982)). In this process, an excited nitrogen molecule releases a photon with enough energy
to ionize an oxygen molecule. As we will see in the next sections, photoionization is
fundamental for the growth of positive streamers (Nijdam et al.,|2010;|Pancheshnyi, [2005]).

As neutrals and excited states populate the background gas and the temperature in-

creases (roughly above 1000 K) new ionization processes such as associative ionization
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become relevant to sustain the charge production. Two of the most important reactions of

this kind involve excited or neutral:

N+0 — NO* +e, (1.8)

Na(@') + Na(d') — N +e. (1.9)

Both reactions require relatively high abundance of neutrals and excited molecules to

be relevant.

1.2.2.2 Attachment

Some neutrals have affinity to form a negative ion. The energy associated with the ground
state of these ions is slightly lower than the energy of the ground state of the corresponding
neutral. Thus, there is a tendency of these neutrals to “capture” free electrons. As we
mentioned, the final ion state has a lower energy. Depending on the way this extra energy
is released, we have 3-body attachment or dissociative attachment. Examples of these two

in air (M) are

e+0ry+M— O, + M, (1.10)

e+0,—> 0 +0. (1.11)

Reaction called three-body attachment, is the most relevant attachment reaction
for low electric fields in air at room temperature. On the other hand, reaction m called
dissociative attachment, is prominent for moderate electric fields. This agrees with intu-
ition since breaking an O, molecule requires more energy than simply attaching to the

molecule. The electron loss by attachment is given by

dn,
dt

= —(k3p + kpa) no,ne = —vane, (1.12)

where k3p and k,p are the three-body and dissociative attachment rate coefficients respec-

tively and v, is the attachment frequency.
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1.2.2.3 Excitations

In air, electrons can readily excite a neutral electronically, vibrationally, or rotationally
(Capitelli et al.l 2000). That is, part of the kinetic energy of the electron is transferred
to one of these internal degrees of freedom. The energy threshold for N, electronically
excited states varies from 6eV to 11eV (Bazelyan and Raizer, [1997). For N, vibra-
tionally excited states, threshold energies ranges from 1.8eV to 3.3eV (Bazelyan and
Raizer, |1997)). With lower energy thresholds, excited states are more abundant than ion-
ized states. This is fundamental since excited states are prone to populate the gas with

ionizing photons able to trigger electron avalanches.

1.2.2.4 Detachment

Negative ions can also experience collisions with neutrals that lead to the release of an
electron. In air at room temperature these are the main mechanisms of electron detach-

ment:

0; +M— Oy +e+ M, (1.13)

0, + N, = O+ N0 +e. (1.14)

As it can be inferred, the second detachment reaction requires more energy since it
breaks the O, molecule. Under moderated electric fields (60 Td to 90 Td), air is efficiently
populated with O and O~ through reactions and When O—- and O are sufficiently

abundant,

O +0—->0y+e¢ (1.15)

becomes the dominant detachment reaction (da Silva and Pasko| 2013)).
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1.2.2.5 Recombination

Electron-ion recombination processes are usually slower than other electron-loss pro-

cesses. Even for a neutral plasma where n, = n,, the recombination rate

ﬁrecnmbinat[onng < kanairne~ (116)

Electrons are quickly transformed into negative ions through attachment. Therefore,
ion-ion recombination can be another possible sink of charge carriers. However, this is
usually a minor process since a significant abundance of ions requires long time scales

(Bazelyan and Raizer, |1997).

1.2.3 Maxwell relaxation time and electric field enhancement

When an electric field is applied to a neutral plasma seed, charges of opposite sign drift in
opposite directions. In the interior of the seed, this charge separation leads to an electric
field that screens the background field. The evolution of the charge density is given by the

equation for the conservation of charge

Ipc
ot

The charge separation sources the resulting electric field in the plasma seed. This is

+V.j=0. (1.17)

reflected in Poisson equation

v.E=", (1.18)
€

where ¢ is the vacuum permittivity. From Ohm’s Law equation charge conservation

equation[I.T7)and Poisson equation[I.18]we can get the local rate of change for the electric
field

0|E| -o
E| g’
where 0, = %. Equation suggests a physical time scale, usually named as Maxwell

(1.19)

(or dielectric) relaxation time

€
TMaxwell = ;0 (1.20)



1.2 Fundamental processes in electric discharges

This physical time scale is a constraint on the time step length in numerical simulations.
It gives an idea of how often we should solve Poisson equation to update the value of the
electric field.

The conservation of charge signified in equation has an important consequence
for the growth of spatial electric charges. The charge separation will lead to an electric
field enhancement at the boundaries of the neutral plasma seed in time scales on the order
of the Maxwell relaxation time, reaching electric field values capable of ionizing the back-
ground gas. This is a fundamental process for the building block of electric discharges, the

streamer discharge.

1.2.4 Avalanche to streamer transition

The development of an electric discharge is a competition between gain-loss electron pro-
cesses. We have already seen that when there is exclusively ionization, the electron density
experiences an avalanche-like growth in time. This also happens in space under the same

assumptions

dn,
dx

= nea, (1.21)

where « is the ionization coefficient that represents the number of ionization events per unit
length. Taking into account the attachment processes, we can also define an attachment
coefficient § in pretty much the same way so the avalanche growth in one dimension is

given by

=, (1.22)

where @ = (a — B) is the effective ionization coefficient. The avalanche will grow as long
as @ > 0 and the value of the electric field for which @ = 0 is the breakdown electric field
whose value in air is approximately 30 kV /cm.

As the avalanche-growth continues, there is a moment when the space charge effects
become important and the electric field generated by the avalanche is comparable to the

background electric field. That is the avalanche-to-streamer transition. The Raether-Meek
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criterion suggests that the space charge effects become important when &L ~ 20, where L

is the distance traveled by the avalanche (Bazelyan and Raizer,|1997).

1.3 Streamer discharges

A streamer is a cold and filamentary electric discharge that propagates due to a high electric
field at its tip (Cooray, 2003} |Nijdam et al.| [2020). This enhanced field is caused by a
surplus of charge concentrated in a thin layer of a few micrometers in thickness. As the
streamer tip propagates, it leaves behind a quasi-neutral plasma, known as streamer body
or streamer channel (fig. @]) Note that the reduced electric field E,.; (Fig. @]) is defined
as the ratio E/n,;-, where E is the electric field and n,;, is the air number density. E,.q is
measured in Townsend, which is defined by the relation 1 Td = 102 Vm2.

The application of a background electric field in air, sets a privileged direction for
the propagation of a streamer discharge. Streamers that propagate in the direction of the
electric field are called positive streamers while those that propagate in the opposite direc-
tion are called negative streamers. This asymmetry leads to substantial differences among
positive and negative streamers that we detail below.

The growth of a streamer channel depends on the effective ionization of air. Since
positive streamers propagate against the electron drift motion, the ionization in front of it
mainly depends on electron avalanches that move towards the streamer head. Hence, for
its propagation in virgin air, a positive streamer requires an upstream electron source such
as photoionization (Nijdam et al., 2010} |Pancheshnyi,2005)). On the other hand, a negative
streamer propagates in the direction of the electron drift motion. Close to the streamer tip,
electrons move outwards, ionizing the air in front of them. Consequently, photoionization
is not such a relevant process for negative streamers.

In negative streamers, the charge layer at the tip contains an excess of negative charge.
Around this region, electrons drift outwards, broadening the volume of the charge layer,
decreasing the focus and enhancement of the electric field. On the contrary, in a positive
streamer, the charge layer is characterized by a positive charge surplus. Ions are slower
than electrons and although they drift outwards following the electric field lines, the broad-

ening of the charge layer is negligible.

10
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Figure 1.2: Snapshot of the evolution of the reduced electric field (upper panel), electron

density (middle panel) and charge density of a positive streamer at 13km. The enhanced

electric field at the tip (upper plot) is caused by a surplus of positive charge in a thin layer

(lower pannel). As it propagates, the streamer tip leaves behind an ionized (middle panel)

quasi-neutral wake.

Experiments (Briels et al, 2008) and simulations (see fig. [I.3) show that positive

streamers are better at focusing and enhancing the electric field at their tip, hence, the volt-

age required to initiate them is lower than for negative streamers (Briels et al,[2008)). Al-

though positive streamers are more readily produced in a laboratory than negative stream-

ers, from a computational point of view, positive streamers usually require a higher spatial

resolution to properly resolve the space charge layer at the tip.

In general, due to a higher electric field at the tip, positive streamers propagate faster

than negative streamers (see fig. [I.3). As we argued before, the electron drift motion

broadens the head in negative streamers, decreasing the enhanced electric field. A lower

electric field in the streamer head results in lower ionization rates and therefore a slower-

11



1. INTRODUCTION

growing discharge. (Luque et al., [2008)).

For the same reason, the electron density in a positive streamer wake is (fig. [T.4). As

a consequence, the electric field is better screened along the channel, favoring a greater
enhancement of the field at the tip. This is a consequence of the strong coupling streamer

channel-head.
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Figure 1.3: Comparative plots of the electric field at the tip and the streamer velocity for
different polarities. Positive streamers carry a higher electric field at the tip (left panel) and
propagate faster than negative streamers (right panel).
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Figure 1.4: Snapshot of the evolution of the electron density for a positive streamer (upper
panel) and a negative streamer (lower panel). A positive streamer carries a higher electric field
at its tip. Therefore, the ionization in a positive streamer wake is higher than in a negative
streamer

1.4 Leader discharges

A leader discharge is a fundamental process in the development of long spark discharges
(> 1m) (Gallimberti et all [2002). Figure [I.5] shows four major regions that characterize
the complex structure of a leader (Bazelyan and Raizer,|1997): The leader channel (1), the
leader tip (2), the streamer corona (3) and the leader sheath (4).

The leader channel is the long-lived region. It is a bright, highly conductive and hot
core characterized by temperatures of around 5000 K and even 30000 K in laboratory
leader discharges and around 30 000K in lightning (Cooray, 2003} |Orville, |1968; |Kieu
et al.}2020). The leader tip is colder, about 1000 K (Aleksandrov and Bazelyan,|1999). At
the leader channel, the field is highly screened and so the conductivity is maintained by
thermal processes such as associative ionization (reaction fl;g[) This effective screening,
transfers a significant portion of the electrode (cloud) potential to the leader tip that enables
the onset of streamer discharges that form the corona.

The growth of a leader is accompanied by a succession of streamer corona bursts that

13



1. INTRODUCTION

Figure 1.5: Sketch of the structure of a leader discharge: The long-lived region or leader
channel (1), the leader tip (2), the streamer corona (3) and the leader sheath (4).

ionize sections of the air in front. As the leader advances, the leader channel sees itself
surrounded by an ionized “envelope” ((4) in figure[I.5)) that reduces its lateral expansion

and stabilizes its propagation (Raizer,|1991).

Observations report a polarity asymmetry in the leader propagation: while positive
leaders propagate in a continuous manner, negative leaders propagate in a series of steps

or jumps and therefore, they are usually called stepped leaders.

In positive leaders, the streamer-to-leader conversion zone is adjacent to the leader tip,
where all streamers emerge. This zone is heated by the current that the streamer corona
carries. On the other hand, in negative leaders the conversion zone is optically separated
from the leader tip (Biagi et al.,|2014). Observations (see fig. show that the streamer-
to-leader transition is mediated by the so-called space stem, a bright and isolated region
in the streamer corona. The leader completes a step when the space stem joins the main

leader, becoming the new leader tip.

14
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Figure 1.6: Frames of a high-speed recording of negative stepped leader adapted from ((Biagi
et al.}|2010)). The sequence shows the stepped propagation of a descending negative lightning
leader and the formation of spaces stems (arrows) ahead. A faint streamer corona is also visible

in some frames.

1.5 Space stem onset: The attachment instability

One of the most pressing questions in the propagation of a negative leader is the onset of
the space stem and the mechanism that heats it to become a space leader. In this thesis, we
propose that the formation of the space stem is mediated by the action of an attachment
instability (Douglas-Hamilton and Manil, |1974; Sigmond, |1984])) in a streamer channel.

The key is the non-monotonic dependence of the net attachment rate on the electric
field. The dissociative attachment reaction [[.11]has an energy threshold corresponding to
the dissociation energy of the intermediate unstable negative ion O;*. Hence, the disso-
ciative attachment rate increases with increasing electric field.

The net ionization rate is depicted in the left panel of figure For this calculation
we have considered 3-body attachment, dissociative attachment and electron impact ion-
ization. Above the breakdown electric field Ej, the electron production dominates over
electron loss. Nevertheless, below E, a higher electric field implies faster electron deple-

tion.
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In the streamer channel, the evolution of the electric field is driven by the balance
between chemical and transport processes. We can derive a toy model (Lugue et al.,|2016a)
to study the effect of the attachment instability by considering these two contributions.

Following |Luque et al|(2016a), we assume that the homogenization of the electric
current in the channel occurs in short time scales and so for our analysis we can consider
that V - j, = 0. Then, if we take an infinitesimally thin slice in a streamer channel, the

electron density evolves according to the equation:

dn,
dt

= keffnairnea (1.23)

with k. being the effective ionization rate.
If we assume that variations in the radial direction are negligible, the current through

that streamer channel slice can be written as

I =nE, (1.24)

where n = 2meu fOR drrn, is the conductance. Combining equations and we can

derive an equation for the evolution of the electric field:

dE 1dl 1ldn
S O pui—"y 1.25
dt (I dt 7 dt) (1.25)
or in terms of the net ionization rate (Luque et al.| 2016a),
dE 1dI
— =E|=— —korrng,|. 1.2
dt (1 dt ke ) (1.26)

Now, we assume a decaying current }% = —7, with decay constant 7 determined by
the global dynamics of the streamer. The green point in fig. is unstable. Thus, the
system will move away from that point, either climbing or descending the curve of the net
ionization rate. This will result in regions with significantly different conductivities.

In a streamer channel, the electron density left behind by the streamer head is not
necessarily homogeneous, therefore creating regions with different conductivity. Consider
three distinct regions A,B characterized by an electric field E and S with associated electric
field E;, as depicted in fig. Assume that S is a region with lower conductivity. The

charge separation leads to both, an enhanced electric field E; > E and a greater dissociative
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1.5 Space stem onset: The attachment instability

attachment rate in S. As a result, electrons are depleted faster, decreasing the conductivity,
increasing the charge separation and subsequently the electric field. This feedback process

will continue until the electric field saturates in S (Ey).
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Figure 1.7: The attachment instability in region S, leads to a sharply defined region with lower

conductivity and an enhanced electric field E;.

Presumably, region S is the space stem. The action of the attachment instability leads
to inhomogeneities inside the streamer channel and an accumulation of charges at the
boundaries of the space stem. This accumulation of charges is prone to launch counter-
propagating streamers that heat the space stem. These streamers are actually observed
in experiments by (Kochkin et al.,2012) and probably force a strong current through the
space stem that heats it to a few thousand degrees. We will revisit and dig into all these
topics in chapters [} [5] and [6]

As the space stem reaches temperatures of around 1000 K, the electron loss due to
attachment processes (mainly dissociative attachment) is balanced by the detachment from
O~ ions (reaction |1.15). Once that thermal ionization processes becomes the main source
of electrons, the conductivity at the space stem (S) surpasses that of the outer regions
(A and B). Consequently, the inner electric field is expelled i.e. E > E; and the charge

distribution at the space stem boundaries is inverted. The higher electric field in A heats
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the segment connecting the leader and the spaces stem, completing a leader step.

1.6 Thesis Goals and contributions

As we have discussed throughout this chapter, the precise mechanism whereby lightning
and long spark discharges propagate is only partially understood. The formation of space
stems is enigmatic and the mechanisms that promote it to a space leader are not yet well
established. Undoubtedly, experiments provide valuable information about the physics
involved, however current technology is not able to resolve the smallest scales involved
in the stepping mechanism. On the other hand, numerical simulations can provide insight
about these scales. In this thesis we aim to test the hypothesis that the space stem arises
due to an attachment instability. We will also investigate the mechanism that enables
space stems to shoot counter-propagating streamers. These counter-propagating streamers
are believed to sustain the current through the space stem, heating it up to become a space
leader that finally joins the leader. We will address these problems using a numerical
approach. For that, as a first step, we need to build an electro-hydrodynamic model that
couples charge transport, electrostatic interactions, gas heating and expansion together

with a suite of the appropriate chemical reactions for the time-scales under consideration.

1.7 Content

We have divided the content of this thesis in the following way: In chapter [2] we present
an electro-hydrodynamic model for the streamer-to-leader transition and the numerical
methods employed to solve it. Chapter [3[is devoted to a numerical method to optimize
the resolution of Poisson’s equation in unbounded domains, work published in |Malagon-
Romero and Luque| (2018). In chapter [ we use our electro-hydrodynamical code to study
the emergence of space stem precursors. The results are published in |Malagon-Romero
and Luque| (2019). In chapter 5| we study the evolution space-stem-like structures at high
altitude and how the charge distribution enables them to shoot counter-propagating stream-
ers (Malagon-Romero et al.|[2020). In chapter[6|we study the heating effects of a sustained

electric current flowing through the space stem in dry and humid air conditions. Finally,
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chapters [7] and [§] are devoted to the summary, conclusions and future work plans respec-
tively.

It is worth mentioning the work done with streamer simulations to study the contri-
bution of sprite streamers to the chemical composition of the mesosphere-lower thermo-
sphere and improve spectroscopic diagnostic methods of atmospheric electricity phenom-
ena. These works were published in |Malagon-Romero et al.| (2019) and |Pérez-Invernon
et al.| (2020) respectively. We have not included them in this thesis for the sake of consis-

tency with the main topic.
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Chapter 2

Electro-hydrodynamic model

2.1 Introduction

A sufficiently long electric discharge propagates in essentially two phases before it bridges
the electrode gap: the streamer phase consists of thin filaments of ionized air that propagate
due to a high electric field at their tip. The dominant process here is impact ionization. In
the leader phase, the electric current in the streamers has increased the air temperature to
a few thousand K and the thermal energy of the molecules is comparable to the ionization
potential of N, and O;.

The study of the streamer-to-leader transition calls for a model of electric discharges
that includes heating and gas expansion fully self-consistently. In our approach, we will
not study temperatures higher than 2000 K and so we will not consider thermal conduc-
tion or viscous dissipation processes since the time scales associated with the streamer-
to-leader transition are too short for them to be relevant. In chapter i we will study the
evolution of a streamer emerging from the leader tip up to 100 ns. In this case, we model
the dynamics of air with the compressible Euler equations, by considering the vibrational
energy evolution decoupled from the translational energy evolution since the vibrational-
translational relaxation is way beyond the time-scale we pursue. In chapter 6, we will face
longer time-scales, and so we will extend our set of equations to include the evolution of
vibrational energy and vibrational-translational relaxation.

In order to study the influence of the electric current flowing in the electric discharge,
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we have to couple the gas dynamics equations with the transport equations for the charged
species as well as the equation describing the electrostatic interactions among them, that
is, Poisson’s equation.

Euler equations and charge transport equations fit into the so-called hyperbolic equa-
tions while the Poisson equation is an elliptic equation. In general, we cannot solve these
equations analytically and so we need to use numerical methods. This chapter is orga-
nized as follows: In section [2.2] we describe the electro-hydrodynamic model to study
the streamer-to-leader transition. Section[2.3]is an introduction to the mathematical back-
ground of hyperbolic equations and section [2.4]is devoted to finite volume methods, a set
of numerical techniques to solve this kind of equations. Then, we describe the procedure
followed to solve the Poisson equation in section and finally, in section we give a

short description of our numerical code.

2.2 Electro-hydrodynamic model

As we have seen in chapter 1, the environment around a leader channel is quite complex,
with the sheath and the streamer corona populated by hundreds of interacting stream-
ers. Despite recent progress in three-dimensional streamer simulations (Luque and Ebert,
2014;|Teunissen and Ebert,|2017;|Shi et al.,|2017), a full corona around a leader is presently

out of reach for numerical models.

In this thesis we opt for simulating discharge channels where there exist, in good ap-
proximation, a cylindrical symmetry. Therefore, we build a 2D cylindrically symmetric
model (z, r) for electric discharges that includes heating and expansion of the background
gas fully self-consistently. The background gas, that is, the air where the discharge will
develop, follows the equation of state for an ideal gas and its dynamics is described by
the compressible Euler equations (Popov, 2003} |da Silva and Paskol [2013}; |and Lifshitz,

1987). These are conservation equations for mass, momentum and energy:
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9

2 tu-Vp+pVou=o, 2.1a)
9 v

M w-Vu+ L=, (2.1b)
ot o

o p eff
—+u-Ve+-V-u=—1—, (2.1¢)
ot P P

Here p is the mass density of air, u is the local velocity at a given point and time, p
is the pressure and ¢ is the specific energy associated with the rotational and translational
degrees of freedom, which we assume in thermal equilibrium. Q;f 7/ is the local power
density dissipated by the electric discharge that goes into gas heating. By using equations
and the equation of state for an ideal gas, we neglect thermal conduction and viscous
dissipation. We will use this approach in chapter 4, to study time scales not longer than
100 ns. In chapter 6, we will consider longer time scales where vibrational-translational
non-equilibrium starts to become relevant. To do that we will extend the system of equa-
tions [2.1]to account for the evolution of the vibrational energy density.

All species are advected along with the fluid with a velocity u. Furthermore, charged
species drift on top of the background gas motion according to the local value of the
electric field E, so the resulting velocity is v¢ = u + uE, where s labels the species and

Us 1s the corresponding mobility. In our model, the dynamics of all charged species is

described by diffusion-drift-reaction equations for electrons and ions,

ong
ot

where ny is the number density, D; is the diffusion coefficient ,C is the net production of

+ V- (nyvs) = Cy + V- (DyVny) + Sphéog,,- + S ph0eis 2.2)

species s and S p;, is the photoionization term. The Kronecker deltas 6,; and (50;,,- express
the fact that the photoionization term only applies to the equations for electrons and O;.
The kinetic scheme employed in our simulations depends on the time scales that we
plan to study. In chapter 4, the chemical scheme includes impact ionization, attach-
ment/detachment, and water cluster formation/breaking (Luque et al.,|2017). In chapter
6, we will extend the chemical model mentioned above with a set of chemical reactions
accounting for processes relevant at temperatures of several thousand degrees (da Silva

and Pasko, 2013}, \Liu and Becerral,[2017).
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Moving to the electrostatic part of our model, the electric field E = —V¢ is determined

by the balance of charged species and satisfies the Poisson equation

Vip=-) ==, (2.3)

N

where ¢ is the charge of species s and ¢ is the vacuum permittivity, which we assume is

also valid for air.

2.3 Hyperbolic equations

2.3.1 Conservation laws

Consider a spatial domain Q C R”. Euler equations [2.1 and transport equations for elec-

trons and ions [2.2]can be written in a general form as:

dq(x,1) Z af;(q(x,1)

- TP ¥(g(x,1), xR 2.4)

j=1
where g € R™ is the vector of conserved quantities, f; € R™ is the j-component of the
vector of fluxes through the boundary dQ2 and ¥ € R™ is the vector of source terms.
Equation [2.4]is known as balance equation law and it states that the rate of change in ¢ is a
balance between flux and source terms. In many cases, the rate of change in ¢ is only due
to the flux, that is ¥ = 0, and then each equation in @]is termed as conservation equation
law. The partial differential equations [2.4] are derived from a more fundamental integral

form

d n
Efgq(x,t)var;ijn,-ds=fgl11(q(x,r))dv. 2.5)

The differential form is not valid at discontinuities such as shocks or contact surfaces
that turn out to be physical solutions. We will often write the differential form for con-
venience, to build a matrix representation of the partial differential equation (PDE), but
always bearing in mind the most fundamental integral form. In most of the derivations
throughout this chapter, we will only consider conservation laws. Later on, we will dis-

cuss how to handle source terms in balanced equation laws.
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2.3.2 Weak solutions

The integral form [2.5]is valid anywhere. There are no requirements on the smoothness
of ¢g. Equations and are equivalent provided that the solution is continuously dif-
ferentiable. The integral form admits discontinuous solutions for which the PDE is not
even defined in a classical sense. The differential form is valid where ¢ is smooth but it is
not valid at the discontinuities. We wish to extend the space of solutions of [2.4]to include
discontinuous solutions. We are going to work out this for a 1-dimensional space but this
is easily extended to an n-dimensional space. Let ¢ (x, ) be a test function, continuously
differentiable with compact support, i.e. ¢ € C(l) (RXR). If we multiply equationby the

test function and integrate over space and time, we have

fom fg (¢a: + 0/ (9),)dVdr = 0. 2.6)

Since our flux may diverge, we should exchange derivatives as follows:

fom I : (@a), + (91 (@), dxdi - fo i I : ¢iq + ¢ f (q) dxdr = 0. 2.7)

Then, we obtain

f f $1q + ¢ f (q) dxdt = — f ¢ (x,0) g (x,0)dx. (2.8)
0 —00 -

All the boundary terms that usually appear after integration vanish at infinity due to
the compact support test function ¢. Note that the right-hand term brings in the initial
conditions. We say that g is a weak solution of the PDE [2.4]if it satisfies [2.8] for every
¢ € C} (RXR).

2.3.3 The Rankine-Hugoniot Jump Conditions

We can characterize weak solutions by regions of smooth behavior separated by dis-
continuities. Therefore, these weak solutions satisfy the differential form where they
are smooth and an additional condition at the discontinuities named Rankine-Hugoniot
condition. Next, we are going to derive this condition from the integral form in one di-

mension but this is extensible to higher dimensions. Consider a region in the plane x-t
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[x1,x1 + Ax] X [t1, 1 + At], where Ax and Ar are small enough to consider that the shock

wave speed s is constant and that g; and g, are constant in the wedges defined by x = st

(figure 2.1)). If we apply [2.5]to our region of interest we get

X1 +AX
dt J,,

If we integrate in time we obtain

q(x.0dx = f(q(x1.0) = f(q(x1 + Ax,1)). 2.9)

X1 +Ax X1 +Ax
f q(x, 1 +At)dx—f q(x,t))dx
. "‘ (2.10)

1 +AL 1 +At
= f flg(x,0))dt - f f(q (x1 + Ax, t)) dr.

The first and second terms on the left side are just the constant states g; and ¢, respec-

tively. Hence, we can write the previous equation as

(gr—q)s=f)-f(q), (2.11)

where s = % is the propagation speed of the discontinuity. Equation is the Rankine-
Hugoniot condition and restricts the jump in g to be a linear combination of the jump in

the fluxes. This derivation is fundamental and any discontinuous solution of the equation

must verify it.
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Propagating discontinuity with speed s

Figure 2.1: Discontinuity propagating with speed s, separating the pair of constant states
(ql sq r)‘

2.3.4 Linear hyperbolic systems

Gas dynamics and charge transport equations constitute a non-linear hyperbolic system.
We will start with the mathematical framework for linear hyperbolic systems, fundamental
to understand the non-linear hyperbolic systems theory. For simplicity, we will adopt
again a one-dimensional approach. Consider a system of equations together with initial

conditions

qr +Aqx =0, (2.12)

q(x,t=0)=¢qo(x), (2.13)

where g € R” and A € R™™. Here, f (q) = Ag. The linear system is said to be hyperbolic
if A is diagonalizable with real eigenvalues. Let A7 and r” denote the eigenvalues and
eigenvectors respectively. Since A is diagonalizable, the set {r?, p = 1, ...,m} is linearly

independent and then, it is a basis of R”. Any solution of the system of equations[2.12]can
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be written as a linear superposition of m waves
m

q(x,1) = Z W’ (x,0) 17, (2.14)

p=1
where the w?” (x, f) are known as characteristic variables. We can write previous equation

in matrix form as

q(x,1) = Rw(x,1), (2.15)

where R is the matrix of the right eigenvectors in columns and w is the vector g in the basis
{r’}. Under these conditions the inverse matrix R~ exists (LeVequel 2002) and we can

express the system of equations in terms of the characteristic variables as
w; + Aw, = 0. (2.16)
Here, A = R"'AR is a diagonal matrix obtained by writing A in the basis of eigenvec-
tors. What we have now is a set of m decoupled scalar equations

of + AP0 = 0. 2.17)

Any of these equations is a simple advection equation with a solution of the form

WP (x,1) = WP (x = 71,1 = 0) = wyy (x — A71). (2.18)

This implies that the solution at (x,7) depends on the initial data at the set of points

{x — A7t}. Then, we can define a domain of influence of the point (X, 7) as

D, H={x=x+4Lp=1,..,m}. (2.19)

We can associate to the pair {47, r”} and w” a one-parameter family of curves called

characteristics that satisfy the following initial value problem (IVP)

dx(1) _
i AP, (2.20)
x(0) = xp. 2.21)
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2.3 Hyperbolic equations

The solution to the IVP is

x(t) = xo + A1, (2.22)

Along the characteristics, w” fulfills:

dw? (x(2),1)  dwP (x(1),1) o 0wl (x(1),1)

7 o o 0. (2.23)

That is, the quantity w” remains constant and so the initial profile wg (x) propagates

without distortion with characteristic speed A7.

2.3.5 Riemann problem

A Riemann problem consists of a hyperbolic system of equations (2.12)) together with

piecewise constant initial conditions of the form (figure|2.2))

q x<0
q(x,t=0)= . (2.24)

g x>0
In general, to find a numerical solution to the problem at hand, we require space and
time discretization. In particular, when applying finite volume methods, we are introducing
small discontinuities. In fact, we need to solve a Riemann problem repeatedly at every cell
edge to advance the solution to the next time step.
As we saw in the previous section, the solution g is a superposition of m-waves w”
(2.14) propagating at constant speed A”. Therefore, we can expand the initial data (2.24)

in terms of the eigenvector basis:

@=y W, (2.25)
P
m

g = Z WlrP. (2.26)
p
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2. ELECTRO-HYDRODYNAMIC MODEL

q

-—=n

ar

Characteristic curve

Figure 2.2: The Riemann problem is characterized by piecewise constant data ¢; and ¢,, jump

discontinuities that propagate along characteristic curves. The characteristic curve tracks the

position of the discontinuity along the x-axis.

In term of the characteristic variables, the initial conditions write as

w) x<0
WP (x,t=0)= ,
w, x>0
and the solution is
Wl x—A1<0
of (x,1) =

W’ x=2t>0
Note that g can be written as

P(x,t) m
q(x,t) = Zwlpr”+ Z Wlr?,
p=1 p=P(x,H)+1

where

P(x,t) = sup{p/x— A"t < 0}.
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2.3 Hyperbolic equations

If we consider the Riemann problem [2.24] with the characteristic curves sketched in
figure[2.3] we can see that the states are constant in the wedges defined by them. Following

the example depicted in fig. 2.3] we can write

qr = a)llr1 + wlzr2 + w?r3, 2.31)

and

q; = wir1 + a)l2r2 + w?r3. (2.32)

Hence, when we cross a p-characteristic (horizontal dashed line in figure @), in this

case, that associated with A!, there is a jump in ¢:

q-q; = (wll - w}) rl. (2.33)

Generally, the solution can be written in term of these jump discontinuities as follows:

qgx,t)=q + Zaprpzq,+ Za/prp, (2.34)
AP<3 F<ar
a’ = wl - wy. (2.35)

We will denote the discontinuity through the p-characteristic as W?” = o”r? that we
will call it the p-wave. Note that these waves (or jumps) are eigenvectors of the matrix A

and verify the Rankine-Hugoniot condition:

f(wf)—f(wf)zA(wf—wf)rp=/lp(wf—wf)r”. (2.36)
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— 2
x = Mt t x = At

Figure 2.3: The initial discontinuity that separates the pair of constant states (¢;, ¢,) splits into
three jump discontinuities that propagate with characteristic speeds {/ll A2, /13}. As aresult, two
new intermediate states ¢; and g; are defined between the wedges limited by the characteristic

curves.

2.3.6 Non-linear hyperbolic system

Many of the features that we have described for linear hyperbolic systems are valid for

non-linear hyperbolic systems. Consider the one-dimensional system of equations

q: (x, 1) + fr (g (x,1) = 0, (2.37)

with initial conditions

q(x,t=0)=¢qo(x), (2.38)

where ¢ € R™ and f € R™. In quasi-linear form

91 (x,0) + A(q) g = 0, (2.39)

being
A(qQ)=1(q). (2.40)
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2.3 Hyperbolic equations

The system is said to be hyperbolic if the Jacobian A (g) has real eigenvalues A” and
linearly independent eigenvectors r” for any g € R™.

As we already did in the linear case, we could try to build a solution by following
the characteristic curves. Locally, we can extend the definition of the characteristic in the

following way:

dx
— =7 2.41
= (@) (2.41)
x(0) = xp. (2.42)
As for the linear case,
x = xp + A (g (x,0)) 1. (2.43)
t t
0
0.8
0.6
Wy
0.0
05 10% -10 -05 05 10 15 20%

Figure 2.4: Example of colliding and diverging characteristic lines obtained from the inviscid
Burgers equation g; + gg, = 0. The orange line on the left graph shows the shock wave front.

On right graph, characteristics diverge and do not cover the entire x-t plane.

In the linear case we had that A (¢) = const. and therefore the characteristic curves were
parallel to each other. However, in the non-linear case, the characteristic speed depends

on the solution itself, thus, in general, the characteristics are not parallel lines anymore
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2. ELECTRO-HYDRODYNAMIC MODEL

and could cross at some point. This is a key feature of non-linear problems. The time at
which the characteristics cross is known as the breaking time and from there, we cannot
follow the evolution of the system with the characteristics approach. A classic example of

a non-linear hyperbolic equation is Burgers equation (LeVeque, |2002):
qr+qqx =0. (2.44)

This apparently simple equation shows many of the features associated with non-linearity.
Take a look at the left graph in figure[2.4] If we wanted to evolve the system up to a point
(x*, ") that belongs to the orange line, we could have come from two different initial states.
Therefore, the solution is double-valued. However, this is not physically acceptable as we
could not have two different density values at a point, for example. For the solution beyond
the breaking time we need to allow for discontinuous solutions, that is, weak solutions, as
we explained before.

Notice that, even though we had smooth initial data, the non-linearity may induce
discontinuous solutions (figure as the crossing of characteristics reveals. From the

discussion above, the main consequences are (figure [2.4):
e Characteristics are straight lines.
o They may intersect with each other.

e They do not necessarily cover the entire (x, ) space.

2.3.7 Entropy condition and uniqueness

When it comes to weak solutions, uniqueness is not guaranteed. These weak solutions can
be non-physical and violate fundamental principles in Physics. Therefore, we need a new
constraint to properly isolate the physically acceptable weak solution. This condition is

known as entropy condition and for smooth solutions is an equality of the form

s(q), +¥(q), =0, (2.45)

where s is the conserved entropy and ¢ is the entropy flux. For discontinuous solutions it

is an inequality. A detailed discussion on this topic can be found in|LeVeque| (2002).
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2.3 Hyperbolic equations

X

Figure 2.5: Solution of the inviscid Burgers equation for two different initial conditions
q(x,t = 0) = tanh(x) (left column) and ¢g(x,r = 0) = 1 — tanh(x) (right column). This is
a simple case that illustrates how non-linear hyperbolic equations can lead to discontinuities
starting with smooth data. The second row shows the characteristic curves. On the left, they
diverge giving rise to the so called rarefaction wave whereas on the right, they collide to form
a shock wave.

2.3.8 Riemann problem for a non-linear hyperbolic system

In the linear case, the solution is a superposition of m propagating discontinuities traveling
at the characteristic speeds of the linear system. In the non-linear case, the solution con-
sists in a set of waves in each characteristic family, separating regions where the solution
is constant. These waves may be discontinuities such as shocks (right column in figure
[2:3) and contact discontinuities or smooth transition waves such as rarefaction waves (left
column in figure[2.3)). A rigorous and detailed treatment of this topic falls out of the scope

of this chapter and therefore, we refer to|LeVeque| (2002)) for the interested reader.

2.3.9 P-characteristic field: Linear degeneration and genuinely non-
linear

In the previous section we mentioned that contact and shock waves are discontinuities.

Here we characterize both of them. The p-characteristic field VA? is said to be degenerate

35



2. ELECTRO-HYDRODYNAMIC MODEL

if

VAP P =0 YgeQ, (2.46)

and genuinely non-linear if

VAP £0 Vg€ Q. (2.47)

A shock wave is a discontinuity in a genuinely non-linear p-characteristic. On the
other hand, a contact discontinuity is a discontinuity in a linearly degenerated field. As

with any discontinuity, both need to verify the Rankine-Hugoniot condition.

2.4 Finite Volume Methods

In this section, we will work out the basics of finite volume methods (FVM) in one dimen-
sion. The numerical solution in higher dimensions can be accomplished by repeatedly ap-
plying the one-dimensional approach. For a more thoughtful discussion on this and higher
dimensions, see [LeVeque| (2002). FVM allow us to solve numerically integral conserva-
tion laws (2.5). This is an advantage over Finite Difference methods when considering
discontinuous solutions. In FVM, we start by discretizing our computational domain and
then we average the solution to form the numerical approximation to[2.5] Let us consider

agridcell C; € [xi,% L X +%]. In each grid cell, at time 1, we define the quantities

1
Ol ~ — f q(x,1,)dx, (2.48)
Ax C;
'~ 2.49
it% ~ E Cif q('xii%7tn) s ( . )

where Ax is the grid cell length and At is the time step used to advance our solution from
tp 10 tyy1. QF and F lf’il are an approximation to the ”volume” average of the conserved
2
quantities g and the flux. If we apply the integral form of the conservation law to the cell
C;, we get
At

n+1 no_ n n
o -0 = A (FH% - Fi_%). (2.50)
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2.4 Finite Volume Methods

This equation is the fundamental numerical scheme of finite volume methods. As the
continuous counterpart, the discrete scheme reflects the fact that changes in the solution in
cell C; are due to the flux through the boundaries. This idea is captured in figure[2.6] One
of the key tasks when applying finite volume methods is to find the proper numerical flux.
As we have seen, in hyperbolic problems information travels at a finite speed, therefore, it
is reasonable to think that at first order, the numerical flux at 7, and x;, 1 is a function of
the left and right states Q7 and O

1
i+1

Fﬁifﬁ"( 'O 2.51)

Hence, for sufficiently small time steps At, only the adjacent cells affect our solution

in the cell C;. We can rewrite equation [2.50] as

o' = 0 - -7 (e on) - F (e o) (2:32)

The specific method to advance the system from Q) — Qlf’” depends on the function

F. However, any of them will be an explicit 3-point stencil method.

F. 1 F 1
Qi1 =z Q; i+3 Qi+1
| + + I
X. 1 X

Figure 2.6: Discontinuity propagating with speed s, separating the pair of constant states
(ql s q r)‘
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2.4.1 The Courant-Friedrichs-Lewy (CFL) condition

As we said, it is reasonable to think that at first order the numerical flux is a function of

the left and right states around the cell edge. We can make this statement more precise

by limiting the length of the time step, making sure that only information coming from

the immediately adjacent grid cells is crossing the edge x;, 1 The CFL condition is what

we are looking for and in fact, it is a necessary condition for our FVM to be numerically

stable (LeVeque, |[2002). Any FVM must fulfill the CFL condition given by the inequality:
At

A— < 1. 2.53
xS (2.53)

The propagating speed (1) of the wave is an outcome, while the space resolution is
fixed by the requirements of the phenomenon that we want to explore. We are left with
one degree of freedom, the time step that we will have to vary depending on the two other

parameters.

2.4.2 First order Godunov’s method for hyperbolic linear systems

Godunov introduced his method as an approach to solving the Euler equations of gas dy-
namics. If we approximate the solution g (x, 7) at the cell C; by means of the corresponding

cell average, that is

q (xi, t,) = q (xi, t,) = ?, (254)

we have the following Riemann problem at each cell edge x;_ L

an X1 <X,
z (2.55)

1
i1 x<xi_%.

Z] (-x7 tn) =

Therefore, advancing our solution a time step at C; according to [2.52] requires solving
two Riemann problems at the left and right edges of the cell. As we have seen in previous
sections, the Riemann problem centered at X1 has a similarity solution that is constant

along the ray

= const. (2.56)
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2.4 Finite Volume Methods

Let us denote the exact solution to the Riemann problem at x; ! and t, by g (Q?—v Qf’)

if the time step, that is |t,+; — t,|, is small enough, then we have that

I+

G - flaleren)a=rla(on. o) 2.57)

In summary, Godunov’s method consists of the following steps:

1. At each time step ¢, solving the Riemann problem at each grid edge x;_; with left

and right states (Q;_1, Q;) to compute g, ( ! Qj’)

i-1°

2. Compute the flux F" | = 3"( R Q;’) by means of equation|2.57
=3

3. Advance the solution to the next step by using the flux difference equation [2.50]

2.4.3 Approximate Riemann solvers

Finding the exact solution to a Riemann problem is computationally intensive, specially
for non-linear hyperbolic systems and higher-dimensional problems. The exact solution
of a Riemann problem requires finding the full-wave structure and wave speeds to locate
where the information is coming from at a specific point. Many times it suffices to find
an exact solution to an approximate Riemann problem at each cell interface. Approximate
Riemann solvers are cheaper than the exact solvers and results are fairly good. However,
they also come with other issues as we will briefly see. A typical approach consists of

using a local linearized Jacobian:

(@) = Aanaqr), (2.58)

where A is a constant matrix. By solving this related Riemann problem, we can determine
the numerical flux and advance our solution to the next time step according to what we
have discussed so far.

The matrix A must fulfill some basic requirements such as having real eigenvalues {17}
and a set of linearly independent eigenvectors {r”}. The matrix A should also smoothly

converge to the Jacobian matrix

a9 —> 9 = Aqnq,) - ' (q). (2.59)
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As we have already explained, the solution to a linear Riemann problem consists of
a set of traveling waves W, propagating at a given speed by the eigenvalues A7 of the
Jacobian. In some cases it is also required that the approximate solution is conservative,

that is, it obeys a conservation law in a region surrounding the Riemann solution

fla)—fla) =), Arwr. (2.60)
P

The right-hand side represents the rate of change of the solution due to the moving

jump discontinuities and the left-hand side net effect of the fluxes.

2.4.4 Roe’s solver

Roe’s solver is one of the most popular approximated Riemann solvers. It was originally
proposed by Roe to solve the Euler equations. The idea here is to determine a solution g

to the Riemman problem given by

4r +A(q1,9,) . = 0, 2.61)

where A (g;,¢,) is a locally linearized version of the original Jacobian f’(g). The issue

now is to determine the linear matrix. Roe suggested the following:

1. Agra,) (@ — @) = f (@) - f(q).

2. A(q,q,) is diagonalizable with real eigenvalues.

3. 4.9 = ¢ = A(q1.q,) = f(g) smoothly.

The first condition has two nice effects. One is that any flux-difference splitting defined
with the linear matrix A, will be a flux-difference splitting with the true flux. The other
is that if we consider a solution consisting of just a single shock wave we can solve this

exactly:

s(¢r =) = f () = f(a) = Aar.4,) (4 — q0). (2.62)
The first equality is the Rankine-Hugoniot condition and the second equality holds due
to the first point. Essentially, we have that the difference ¢, — ¢; is an eigenvector of the

matrix A (g;, ¢,). In this case, the approximate solution is also conservative.
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2.4 Finite Volume Methods

A way to fulfill points 1. and 2. is to build A upon what is named as Roe’s average

state § (g, qr)

Aqr.9) = £ (9 (an9)- (2.63)

This Roe’s average state depends on the system in particular. An extensive discussion
about this can be found in|LeVeque| (2002)).

Godunov’s method gives weak solutions satisfying correct entropy conditions. How-
ever, approximate Riemann solvers are discontinuous and converge to discontinuous en-
tropy violating conditions, even when the solution is a smooth rarefaction wave. Roe’s
solver is prone to this kind of problem and requires an “entropy fix”, which consists of

using an entropy condition (see section [2.3.7).

2.4.5 Wave propagation algorithms

Godunov’s method was originally built upon flux-differences. Nonetheless, there is an
alternative and useful approach. The solution to a Riemann problem at x;_ 1 can be seen as

a series of jumps Wip , propagating at speed sf ,» S0 we can express the jump with left and
-2 -2

right states (Q?_l, Q:’) as

n= Z W" . (2.64)

A right-going wave Wp , will modify Q7 an amount £%s” Wp Analogously, at the
-2
edge x;, 1, the left going wave Wp : will modify Q/ an amount ££ A’ p Wp 1550 that the net

effect on Q can be written as:

At
n+l _ n p P
o =0+ Ax §P (Si—;) i-1 g ( 1) Wi+% . (2.65)
Note that the wave has gone through a re-averaging process by multiplying by the
P + -
) WP |, we
=3

S
factors . If we denote A*AQ; | = 3, (sf7 ,) Wi”1 and A"AQ,_; = Z(sﬁrl
At P 2 2 p 2
can write the expression above as

ol =0 2—; [A*AQI._% + A‘AQH%]. (2.66)
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A”AQ; 1 and ATAQ, 41 are called left and right going fluctuations respectively and
represent the net effect of the left and right going waves on the cell average Q7. This
approach is applicable for hyperbolic systems in non-conservative form. When applied to

hyperbolic systems in conservative form, this approach has to verify

Q)= f(Qir1) = ATAQ; 1 + ATAQ, . (2.67)
If we use an approximate Riemann solver, the above relation is equivalent to

M,

FQ) = Qi)=Y st W . (2.68)

P
2.4.6 High resolution methods

As we have seen through the chapter, discontinuities readily appear when solving hyper-
bolic equations. So far we have described Godunov’s method, which uses an exact or
approximate solution of the Riemann problem and does not produce oscillations around
shock or contact discontinuities. However, it is first-order accurate and it smooths dis-
continuities out and shows slow convergence around them. Higher-order methods such
as Lax-Wendroff, are second-order away from discontinuities and exhibit spurious oscil-
lations near them. This calls for high-resolution methods able to describe sharp transition
regions while accurate in smooth regions. Godunov’s method seems to be a good starting
point but we need to revise it to improve it. Godunov’s method is based upon a piecewise

constant reconstruction

G(xt) = Qf VxeC (2.69)

which results in an overall first-order accurate method.

We can improve this by allowing a linear dependence on x (figure [2.7):

gx,t,) =0 +0! (x—x) VxeC, (2.70)

The slope essentially brings the idea of smoothness but it can also lead to overshooting.

Figure [2.7| shows how overshoots in the piecewise linear reconstruction function produce
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overshoots in the solution. Slope limiter methods prevent these overshoots. Slope limiters
are a topic of research on their own. For more details, see |LeVeque (2002). In summary,
high-resolution methods achieve better accuracy by adding second-order corrections to the

first-order method. After adding these corrections, [2.52]is read as:

At A
o =0 - o (A‘AQI.+1 N A*AQI._%) -= (FH% - Fi_%), @.71)

2

where the second-order correction to the fluxes F; £ is given by

s, )( Wi{,), (2.72)

with ¢ being a limiter function.

Figure 2.7: An overshoot in the pice-wise linear reconstruction (red solid line) can lead
to an overshoot in the solution (green solid line).

2.4.7 Multidimensional systems

So far we have been working with 1D hyperbolic systems of equations. The algorithms

described above can be extended to higher dimensions. Essentially, at each cell interface
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we need to solve a 1-dimensional problem. For a 2-dimensional system the cell average

is:

1
= q . 2.
oy AxAy ffq(x’y’ 1) dxdy (2.73)

In terms of the flux difference, the change in Q;fj is given by

At At
ot -0 = (F" F" lj)— — (G’.’ , —G" 1) (2.74)

b= ae e T

and in terms of the fluctuations

7 7 At - . At _ R
o =0y - (A Ay, + A+AQ,.,%,,) - (3 AQy; + 93+AQi,%,]). 2.75)

If we go to a higher dimension, we would have to add similar terms to the equation
above. However, this is just first-order. If we wanted to include second order corrections,

the previous equation is rewritten in the following way:

At At
n+l _ ~n - -
01 = 01 = £ (AT Ay + AA0 Ly )= 1 (B7AQ, 0y + B°A0, -y

As /. i At/ ) (2.76)
“Ax (Fi+%,j - Fi—%,j) Y (Gi,j+% - Gi,j—%)'

2.4.8 Source terms

In our derivations we have only considered conservation equation laws and not balance

equations. The most popular method to solve an equation of the form

Gi+qo=¥ 2.77)

is the fractional step method, which consists of solving at each time step the conservation

equation
gr+gx =0, (2.78)
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and then solving

qr = V. (2.79)

This is a quite simple but robust approach in most cases. However, this method does
not work well when there is an steady-state since g, ~ . As a result, the fractional step
method is not able to properly resolve the steady-state. For our purpose in this thesis, the

fractional step method will be enough.

2.5 Poisson’s equation

In the set of equations that we want to solve, the electric field appears explicitly in the
advection terms but also implicitly through parameters such as the mobility of charged
species or the rate coeflicients in the source terms. The determination of the electric field
with enough accuracy is fundamental when dealing with propagation phenomena such as
streamer discharges. In these discharges, a high electric field is confined to regions whose
thickness is just a few micrometers at atmospheric pressure.

Poisson’s equation is an elliptic partial differential equation that relates the electric
potential and its sources. The problem at hand consists of a boundary value problem

(BVP),

A(X) = f(X), X €Q
o(x)=g(x), xe€0Q

(2.80)

where f(x) = —Z%;(x) and g (x) denotes the boundary conditions. Unfortunately, this
BVP is analyticaliy solvable in very few cases, with simple charge distributions and do-
main geometries. This calls for numerical methods that provide a way to solve such a

fundamental equation in physics.

2.5.1 Discretization

Finite difference methods approximate derivatives with finite differences. We start from

ordinary/partial differential equations (O/PDE) and transform them into a system of linear
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equations that can be solved with different numerical methods that we will shortly describe
later. Since we are working with a 2-D cylindrically symmetric system, the Laplacian

operator in equation takes the form:

10 0 &
SR A P 281
a r@r(rﬁr)+6z2’ 281)

where r represents the radial coordinate and z the axial coordinate.

Now we discretize our computational domain by means of a grid with uniform spacing
Ar = Az = h. Each node is labeled by the pair (i, j), with coordinates r; = %’ +(@{—1)hfor
i=1,..,mandz; = % +(j—1)for j = 1,...,n. We will be working in a staggered grid
and then we will calculate the electric field at the cell faces. The potential at each node
1) (r[, Z j) is denoted by ¢;;. For our study, we require a second order approximation of the

derivatives. Then, Poisson’s equation is written in the following way:

h h
¢i+1,j(1 + —J + ¢i—1,j(1 - —J — 4+ b1 + ijo1 = WS (2.82)

2r;j 2r;

This can be rearranged as a linear system, in a matrix form Ax = b where

X = (¢11. 621, P31, oons P12..) (2.83)

A contains the coefficients of the linear system and b contains the inhomogeneous terms.

2.5.2 Boundary conditions

As we have argued, our problem is complete when we consider some boundary conditions.
The two most common boundary conditions are Dirichlet and Neumann. In Dirichlet

boundary conditions, the potential is specified at the boundary,

Pint1 = 20,41 = Pin. (2.84)

In Neumann boundary conditions, what we specify is the value of the electric field. So

for a null electric field at the boundaries

¢i,n+1 = ¢i,n' (285)
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2.5.3 Poisson’s solvers

Now that we have got Poisson’s equation as a linear system, we need the methods to solve
it. There are two main categories of solvers, iterative and direct. Iterative methods start
with an initial guess and improve it after each iteration until convergence is achieved. They
only need matrix multiplication and there is no need to access matrix elements. However,
their efficiency depends on good preconditioners. On the other hand, direct solvers go
through different steps as converting the system of equations into an augmented matrix,
then an upper-triangular matrix and finally solve. After a certain number of steps, we
arrive at a final solution. Direct solvers are more computationally expensive however they

are very good at solving small matrices reliably and quickly.

2.6 Numerical code

The hydrodynamic and advection-diffusion-reaction part of our numerical code is built
upon CLAWPACK/PETCLAW (Alghamdi et al.| 2011} |LeVeque, [2002), a library that im-
plements Finite Volume Methods. PETCLAW is built upon PETSc (Balay et al.,|2016alb)
and allows us to split the simulation domain into different subdomains (problems) that
can be solved in parallel. Poisson’s equation is solved using the Improved Stabilized ver-
sion of BiConjugate Gradient solver from the PETSc numerical library. The adaptive
time-step is constrained by a Courant-Friedrichs-Lewy number, the shortest chemical time
scale T, = ny(dns/dt)™" and the Maxwell relaxation time (eq. among all species s.
A few samples of our code are available at https://gitlab.com/amaro/space_stem

and https://gitlab.com/amaro/streamer2d.
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Chapter 3

A domain-decomposition method
to implement electrostatic free
boundary conditions for electric
discharges

3.1 Introduction

In this thesis, we deal with leader and streamer discharges, which are characterized by

Length
Width *

a large aspect ratio For instance, streamers are thin filaments of ionized air that
precede most electric discharges in long gaps at atmospheric pressure. The main challenge
for simulating streamers is the wide separation between length scales: whereas the total
length of the streamer channel at atmospheric pressure ranges from about one to some tens
of centimeters, the ionization of air molecules is mostly confined to a layer thinner than
one millimeter. Despite this difficulty, there are many numerical codes that explain most
of the observed properties of streamers |Ebert et al.| (2000); |[Liu and Pasko| (2006)); |[Lugue
and Ebert (2012); ILiu et al.| (2015); |Qin and Pasko| (2015); [Teunissen and Ebert| (2018)).
In the past decades these models have gradually improved and successfully overcome

many of the challenges posed by streamer physics. However, they are still computationally

intensive and often require days of runtime to produce meaningful simulations.
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In this chapter, we look at one of the problems that prominently impacts numerical
codes built upon uniform grids and that is behind these long running times: the large
aspect ratio of a single-channel discharge. Whereas the width of an atmospheric-pressure
streamer is at most about one centimeter, its length spans many times this extension. In
order to minimize the amount of work performed in a simulation, one strives to adapt the
computational domain to the dimensions of the streamer, which means using a narrow
cylindrical domain with a diameter only slightly larger than the streamer width. However,
in such a narrow domain the electrostatic interaction between separate points in the channel
is strongly affected by the boundary conditions imposed on the electric potential at the
outer boundaries.

One widespread approach used in streamer simulations to avoid this artifact while
keeping a narrow domain around the streamer is to calculate the boundary values of the
potential by direct integration of the electrostatic Green’s function in free space |Babaeva

and Naidis (1996, [2000); [Liu and Pasko| (2004, [20006)); [Bourdon et al.|(2007):

¢(rbnundary)=j;2&dv,. 3.1

|rhoundary - I"|

These values are then imposed as inhomogeneous Dirichlet boundary conditions in the
solution of the Poisson equation. In a cartesian grid with M cells in the radial direction and
N cells in the axial direction the direct integration of the Green’s function at each of the N
nodes in the external boundary requires about MN? operations. Since the work employed
by fast Poisson solvers scales as MN log(MN) (MN for multigrid solvers), the computa-
tion of boundary values by direct integration may easily dominate the work employed in
the electrostatic calculations. This is mitigated in part by using a coarse-grained charge
distribution in the integration. However, in that case there is a tradeoff between the degree
of coarsening and the minimal radial extension of the domain required for a tolerable error.

Another simple and common approach affordable for codes that incorporate Adaptative
Mesh Refinement (AMR) techniques is to make a sufficiently large domain so that the
boundary conditions effects are negligible.

Beyond these common approaches used to solve Poisson’s equation in electric dis-

charges, some other methods have been developed. A family of these methods has been
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built upon the idea of the decoupling of local and far-field effects (Anderson, |1986) and
the computation of the boundary potential by means of a potential generated by a set of
screening charges located in the outer surface of the computational domain (James, |1977).
Based on these two methods mentioned above, |Balls and Colella (2002) use a domain
decomposition approach to exploit parallel computing capabilities; first, Poisson’s equa-
tion subject to unbounded boundary conditions is solved in a set of disjoint patches. As
a second step a coarse-grid representation of the space charge is obtained and Poisson’s
equation is again solved in a global coarse-grid whose solution is used to communicate
far-field effects to local patches. Finally, Poisson’s equation is solved in a fine grid us-
ing boundary conditions computed from the coarse-grid solution corrected with local field
information.

A different family of methods uses the convolution with Green’s function subject to
free boundary conditions. They manage the singular behaviour of Green’s function by
either regularizing it (Hejlesen et all 2013), or by replacing the singular component to
the integrand of the convolution by an analytical contribution (Anderson, |2016). These
methods have achieved an order of convergence greater than two.

In this chapter, we adapt to the cylindrical geometry of electric discharges the domain-
decomposition method described by |Anderson (1989) (see also |Bayliss et al.|(1982) for a
review of similar techniques). In section [3.2] we will apply the method to a discharge that
develops between two planar electrodes. As we discuss below, this method requires two
calls to the Poisson solver but otherwise the leading term in its algorithmic complexity
follows the scaling of the Poisson solver itself. Therefore for large grid sizes our approach
is more efficient than the direct integration method. Furthermore, as we do not reduce
the resolution, we do not introduce any numerical error in addition to the discretization
error of the Poisson equation. We believe that the method we present is simple enough
that it can be easily implemented on top of any existing streamer simulation code. As a
benchmark, we present a simple test of a spherical charge density. We have also applied
the domain-decomposition method to our streamer codes and we present the results too.

Some applications may also require free boundary conditions for the z-direction: for
instance, when the discharge develops far from the electrodes. In those cases one may

also reduce the computational domain in the longitudinal direction while the core of the
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simulation remains inside the computational domain. We have considered this topic of
interest in section where we have applied the domain decomposition method to obtain
free boundary conditions also in the longitudinal direction. This extension requires an
extra solution of Poisson’s equation. To test our approach, we have run several streamer
simulations, where the streamer develops far from one of the electrodes that we set at
infinity by applying free boundary conditions at z = L.

Note that streamers are not the only type of discharge that typically exhibits a large
aspect ratio and that therefore our scheme is also applicable to other processes such as

leaders and arcs.

3.2 Electrostatic free boundary conditions in the radial

direction

3.2.1 Domain decomposition

The most convenient decomposition of the domain depends on the problem at hand. The
decomposition we present here is suitable for elongated discharges and probably some
other applications but the procedure and the highlighted ideas are not restricted to this
particular scheme.

We consider the geometry sketched in figure [3.1] where an elongated, cylindrically
symmetrical streamer propagates between two planar electrodes. With minimal changes,
our scheme can be extended to more complex geometries commonly employed in streamer
simulations, such as protrusion-plane, protrusion-protrusion and sphere-plane. The elec-

trostatic potential ¢ satisfies the Poisson equation with appropriate boundary conditions:

A¢ = in Q,
$=s (3.2)
¢=g on 0Q,
where f = —q/e, with g being the charge density and & the vacuum permittivity. In

principle an arbitrary boundary condition, here denoted by g, can be applied to the upper
and lower electrodes. However, to simplify our discussion we limit ourselves to the most
common case where g = 0, meaning ¢ = 0 at z = 0 and z = L (to impose a potential

difference V between the two electrodes we simply add ¢ipnom = zV/L to the solution
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Figure 3.1: Geometry of the discharge considered in this work. An elongated channel prop-
agates between two conducting electrodes. The space between these electrodes, Q is divided
into two domains: the inner domain €, is our computational domain and contains all the space
charge. The outer domain Q, extends indefinitely outwards from the external boundary of Q,
and does not contain any space charge. The cylindrical surface I' is the common boundary
between Q; and Q,.
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of the homogeneous problem). The domain Q is the space between the two electrodes,

defined as

Q={r=(0.0.9) eR/0<p,0<0<2m0<z<L}. (3.3)

Since our geometry is cylindrically symmetrical, we will henceforth omit the variable
6 and consider the two-dimensional domain spanned by the variables (p, z).

Our purpose is to decompose the physical domain Q into two, which we name Q; and
Q,, such that Q = 51 Uﬁz (ﬁi is the closure of the set Q;), Q; N Q, = @ and supp(f) C Q,
i.e. all the space charge is contained in Q;. The inner domain Q, extending up to a given
radius R, is our computational domain and therefore must be selected to be as narrow as
possible.

Under this domain decomposition the problem (3.2) turns into two coupled problems:

Agi=f in  Q,
¢;=0 on 0Q;\T, (34
¢i = ¢r on OF,

where i = 1,2 and I' = dQ; N 9Q; is the cylindrical surface at p = R that separates the two
domains.

Since at the interface I" both, ¢, and ¢,, are equal to the boundary value ¢r, they fulfill
¢1 = ¢». Butbesides this condition, in order for ¢; and ¢, to be consistent with the solution
¢ of the original problem (3.2)), they must also satisfy

% = % onl. 3.5)

The continuity of the radial derivatives follows from applying Gauss’ law

1
56 E~dS=—fpdV, 3.6)
0A €0 Ja

to a Gaussian pillbox A with two ends locally parallel to I. These ends can be made

arbitrarily close together and, in the limit, the only contribution will be

9€E~dS:—%+%=OonF. 3.7
dA dp dp
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3.2 Electrostatic free boundary conditions in the radial direction

3.2.2 Linearity

The linearity of the Poisson problems (3.4) with respect to their sources f allows us to
decompose the potentials as

¢i = ilgr] + il fil, (3.8)
where ¢;[¢r] results from the boundary values ¢r at the interface I and ¢;[ f;] results from
the original sources f restricted to €; (we use [-] to denote a functional dependence). The

precise definitions read

Ap; =0 in Q;,
¢i=0 on O\T, (3.9
i =¢r on ar,
and
Agi=f in  Q
$:=0 on A\T, (3.10)
$i=0 on I
In terms of these components the flux equation can be expressed as
W o] - 52 orl =<5 7] on, G

where on the right-hand side we have used that ¢, = 0, since f = 01in Q.

3.2.3 Expansion in orthonormal solutions of the Laplace equation

The potentials ¢; in (3.9) are solutions of the Laplace equation in cylindrical geometry and

they can be expanded using an orthogonal basis of solutions (see e.g. Jackson|(1975)):

$1 =D anly (knp) sin (kn2) (3.122)
m=1
B2 = > BuKo (knp) sin (kn2) (3.12b)

m=1

where «,, and f3,, are expansion coefficients, k,, = mn/L and I, (x) and K, (x) are the
modified n-order Bessel functions of the first and second kind respectively. Note that the

set S = {sin (kmz)}f;:() is an orthogonal basis of

LZ([O,L]):{f:[O,L]HR:f|f(z)|2dz<oo}, (3.13)
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that is, the space of real functions in [0, L], with finite [*-norm.

Therefore, ¢r can be expanded as:

00

$r(@) =) ansin (o). (3.14)

m=1
If ¢r is continuous and piecewise differentiable on [0, L], ¢} € £2([0,L]) and ¢r sat-
isfies homogeneous Dirichlet boundary conditions, then the sine series converges to ¢r
uniformly on [0, L]. Note that the term with m = 0 vanishes due to the homogeneous
boundary conditions atz =0 and z = L.

The boundary conditions at z = 0 and z = L restrict the basis of solutions. Homo-
geneous Dirichlet boundary conditions are simpler because there is only need for sine
functions. However, if we had some other boundary conditions such as homogeneous
Neumann, the convenient basis should also include cosine functions to allow for non-zero

values of the potential at z = 0 and z = L.

3.2.4 Continuity of the normal derivative

Imposing that ¢; = ¢ = ¢r at p = R we solve for a,, and 3,, and write (3.12) as

o

5 =S g, Jo o)
L= n; m Iy (ky,R) sin (knz) , (3.15a)
-\ Ko(kwp)
¢ = Z g S (kim2) - (3.15b)

m=1

Using these expressions into the equation for the normal derivatives (3.11)) we obtain

N I (kyR)  Ki (knR) | . ¢,
k knz) = — — , 3.16
2,0 s K| = 10
where we have used the identities I)(x) = I1(x), Kj(x) = —Kj(x). As we have expanded

our solutions in terms of an orthogonal basis S, we can easily obtain equations for the

coeflicients a,,:

L Il (ka) Kl (ka)} fL . a¢l
_kmam + = - dz sin (ka) -
2 Iy (knR) Ko (knR) 0 0 |-k

(3.17)
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3.2 Electrostatic free boundary conditions in the radial direction

In a space discretization based on a cartesian grid the integral in the latest expression
is approximated by a finite sum with the form of a Discrete Sine Transform (DST). This

leads to the following expression for the coefficients a,,

+ O, (3.18)

p=R.z=z;

2 (L (ka) K (kuR)
m= " h km ‘)
=t | T e Ko Gy R)] Z sin (k2

where £ is the grid size and {z,-}fi , are the solution nodes in the z-direction. In a discrete

problem the series in (3.14) is also truncated above m = N.

3.2.5 Algorithm

We are now ready to detail the domain-decomposition algorithm that allows us to solve the
Poisson equation in the reduced computational domain Q; with free boundary conditions

in the radial direction:

1. Solve the Poisson equation in ; with the source term f and homogeneous Dirichlet

boundary conditions at the boundary I. Call the result ¢.

2. Calculate the normal derivative of ¢; at I. Apply a DST and use expression (3.18)

to obtain the coefficients a,,.

3. Use these coeflicients to obtain the boundary values ¢r by means of a second DST

and expression (3.14).

4. Solve again the Poisson equation in €| but now use ¢r as inhomogeneous Dirichlet
boundary condition at I'. The result, ¢, is the solution of the Poisson equation with

free boundary conditions.
To this algorithm we add the following remarks:

1. After obtaining the coeflicients a,, one is tempted to use together with ¢; =
@1 + ¢ to avoid solving the Poisson equation a second time. However, in a grid of
M x N cells this procedure takes about MN? operations whereas solving the Poisson

equation requires only MN log(MN) or M N operations.
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3. ADOMAIN-DECOMPOSITION METHOD TO IMPLEMENT ELECTROSTATIC FREE
BOUNDARY CONDITIONS FOR ELECTRIC DISCHARGES

2. The computational domain €, has to be as narrow as possible in order to reduce
the computational cost of the simulation. Of course this narrowing is limited by the
constraint that ) contains the support of the space charge density. In an electrostatic
discharge the charge density typically decays smoothly away from the channel so in
some cases one has to decide at which level it is safe to truncate the charge density
with an acceptable error. Nevertheless, given the fast decay of the charge away from

the channel, this is probably not a serious concern in most cases.

3.2.6 Tests and sample implementation

3.2.6.1 Tests

In order to test our scheme we consider now a simple setup where the Poisson equation has
a closed-form solution. An example of such a configuration is an uniformly charged sphere
located between two grounded, infinite planar electrodes. The electrostatic potential in this
setup can be calculated by the method of images (see e.g. (Jackson, [1975))) and equals the
potential created in free space by an infinite series of spheres with alternating charges.

Suppose a sphere centered at (o, z) = (0, z9) with radius a < min(zg, L — zo) and total
charge Q. At a point with cylindrical coordinates (p, z) the potential reads

0 < =D
#(p,2) = do(p,2) + , (3.192)
4reo k%oo [p2 +(z—z20 — 2k(L - Zo))z]l/z

with
]1/2 if,D2 +(z— ZO)2 > 027

S S
¢O(P, Z) = £ [p3+(z_20)2

3.19b
4dre ( )

3a2—p*—(z—20)2

— if p? + (z — 20)* < &°.

Figure [3.2] shows a comparison between the electric fields computed using expression
[3.19)and using the approach described in section[3.2] Here we took ¢ = 3 mm, L = 10 mm,
Q = 103 e (e is the elementary charge), zo = L/2. For the discretized solution we used
Ar = Az = 1072 mm and a radial extension of the computational domain R = 5mm.
We also include the electrostatic potential calculated by imposing homogeneous Neumann

boundary conditions at the external boundary.
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Figure 3.2: Comparison between electric fields created by an uniformly charged sphere be-
tween two planar infinite electrodes calculated by the approach presented in this work, by the
method of images and by imposing homogeneous Neumann boundary conditions at the exter-
nal boundary of the computational domain. Note the overlap between the lines corresponding
to free boundary conditions and to the method of images.

We see that the field calculated with the approach presented here is indistinguishable
from the field from the method of images. The homogeneous Neumann conditions, on the
other hand, produce an electric field that at the surface of the sphere deviates by about 15%
from the other two in the worst case, i.e. with R = 5mm. To investigate the convergence
of the homogeneous Neumann solution we extended the computational domain by com-
puting the field also for R = 10 mm and R = 20mm. As we move the external boundary
away, the solution with Neumann conditions approaches our reference solution (Method
of Images). The Neumann condition forces a stronger screening of the electric field as the
external boundary moves closer to the charged sphere. As we will see, applied to streamer

simulations, this leads to slightly lower values of the electric field in the streamer head and

therefore less ionization.

3.2.6.2 Order of accuracy

We have checked that the method described above does not change the order of accuracy

of the discretization of the Poisson equation by constructing a closed-form solution of the
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Poisson equation that satisfies homogeneneous Dirichlet boundary conditions in the upper

and lower electrodes. We have used the potential

(3.20)

whose Laplacian has the form

1 2 < 2 4 2 2 2 2
A JEr {4L7ra (z zo)cos(nL)+[7r0' + L ( 4r -+ 60° —4(z — z9) )]
3.21)
. 7\ _A_(=)*
><s1n(7r—)e a2 o
L

Although this charge density is not strictly bounded, the contribution of charges ex-
cluded from the domain decays super-exponentially as the domain becomes wider and can
thus be neglected as long as the external radius of the computational domain is significantly
longer than o

We have solved the Poisson equation corresponding to the Laplacian with L =
1m, o = 0.1 mand zp = 0.5 m within a cylindrical domain with a radius R = 0.5 m, where
we imposed free boundary conditions with the method described above. In this manner
we checked that the convergence in the £>-norm is of second order, the same as that of the
finite difference scheme. This is as expected because ¢, and the Fourier coefficients
retain convergence of order O (hz)

We are also interested in the convergence as we expand the outer boundary. Following
the example of the previous section, this time we change the radius of the sphere to 0.1 mm
and the mesh spacing to 1 um. Errors are presented in Table As we can see, {2-norm
and ¢'-norm increases with increasing radius. Enlarging the domain and therefore adding
more points to the computation just increases the error estimated with these two norms.
On the other hand, the ¢*-norm reveals that the maximum difference between the exact
solution and our approximation reduces as we extend the radius. We can have the outer

radius as close as 0.15 mm without a significant increase in error.

| roamm) [ il o llell, o llllo o
0.15 5.164x 1075 | 4.582x 107 | 1.947x 1072 | 6.194 x 107™* | 2.897 x 1077 | 3.525 x 10~*
0.3 6.960 x 107 | 5710 x 107* | 3.756 x 1072 | 8.127 x 107™* | 2.879 x 1077 | 3.504 x 10~
0.6 9.593x 1075 | 7.702x 107* | 7.372x 1072 | 1.273x 107 | 2.877 x 1077 | 3.501 x 10~

Table 3.1: Error obtained with change in outer radius
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Figure 3.3: Streamer simulations using free boundary conditions (left column) and homo-
geneous Neumann boundary conditions (right column) in the external boundary of the com-
putational domain. For each selection of the boundary conditions we show three simulations
where the computational domain extends to a radius R = 0.5 cm (top), R = 1 cm (middle) and
R =2 cm (bottom).

3.2.7 Streamer simulations

In elongated electric discharges, Neumann boundary conditions are often considered more
appropriate than Dirichlet to be applied at 7,,,, because there is not a physical electrode in
the radial direction, and therefore there is no reason to keep constant the potential there.
The development of electric discharges is driven by long range interactions and therefore
boundary conditions certainly affect the solution inside the computational domain. These
effects can be reduced by enlarging the domain in the radial direction at the expense of
a higher computational cost. The procedure we have described allows us to keep the
boundary r,,,, close to the core of the simulation without noticeable numerical effects on
the electric discharge. The following simulations clearly illustrate the features mentioned.

We simulated the propagation of streamer discharges between two planar electrodes
with our in-house electro-hydrodynamic code described in chapter[2} The chemical model

includes impact ionization and dissociative attachment. The Poisson equation is solved
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using the Improved Stabilized version of BiConjugate Gradient solver from the PETSc
numerical library Balay et al.|(2016bjal).

We selected an inter-electrode gap of L = 2cm and a background electric field of
27kV/cm. The streamer is initiated by a neutral gaussian seed attached to the electrode
at z = 0, on the central axis. The peak electron density in this seed is 10'* cm™3 and the
e-folding length is 0.7 mm.

As we are interested in the effect of the external boundary conditions, we run sim-
ulations both with free boundary conditions, implemented as described above, and with
homogeneous Neumann conditions for the electrostatic potential (as mentioned above, it
is generally assumed that Neumann boundary conditions introduce slightly smaller arti-
facts). We also use different radii of the computational domain, R = 0.5cm, R = 1cm
and R = 2cm. In figure [3.3| we show snapshots of the electric field resulting from these
simulations at time # = 30 ns, shortly after the streamer branches in the simulations with
free boundary conditions. Note however that the cylindrical symmetry of the simulations
prevents proper branching.

In the plots we see that the simulations with free boundary conditions are essentially
identical regardless of the lateral extension of the computational domain. The simulations
with homogeneous Neumann conditions on the other hand depend artificially on the radius
of the computational domain. The streamer barely develops with R = 0.5 cm and only the
simulation with R = 2 cm reproduces accurately the branching time of the simulations
with free boundary conditions. We conclude that, even in this case where the aspect ratio
of the discharge is not extremely high, the computational gain from reducing the domain
size (roughly a factor 4) more than compensates for the cost of solving twice the Poisson

equation, resulting in an overall improvement of about a factor 2.
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3.3 Full free boundary conditions

Throughout this chapter we have described a method to implement free boundary con-
ditions in the outer boundary of a discharge confined between two parallel plates. This
method can also be extended to implement free boundary conditions in all boundaries of a

simulation with cylindrical symmetry. In this section we describe this extension.

3.3.1 Domain decomposition

In section [3.2) we solved the Poisson equation in the space between two infinite, parallel
planes. We can build the solution in free space upon this procedure. First, we decompose
the full-space domain Q into three disjoint subdomains, which we name Qj, Q; and Q,
(see figure[3.4). We assume now that the support of the charge distribution f is contained

in Qg and thus arrive at the three coupled problems

Ady = in Qo,
bo=1 0 (3.222)
¢o = ¢r,, on dly,i=1,2,
and
A i = in Qi,
b=t (3.22b)

¢i = ¢r, on Iy,
where i = 1,2 and I'g; = dQy N 9Q; are the surfaces z = 0 and z = L respectively.

Since there are two interfaces, the normal derivative is subject to two conditions:

0py _ 0¢; .
= =onl;i=1,2. 2
5. =~ oz o lei=l, (3.23)

3.3.2 Linearity

As we did before, due to the linearity of the equations, we can split the problem into

Adp=0 in Qo,
- o ’ (3.24a)
o = ¢F0, on (9F0,~,i =1,2,
Agy = in Qo,
o=t ’ (3.24b)

(ZOZO on 61"0,-,1':1,2
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Figure 3.4: Geometry of the problem. Q is divided into three subdomains: ), Q; and

Q,. The three extend indefinitely outwards and the latter two also downwards and upwards

respectively.
and fori=1,2,
A¢; =0 in
¢i = ¢r,, on
Ag; = f in
$i=0 on

Q;,
(3.25a)
olo;,
Q;,
(3.25b)
ol ;.

Since there is no charge outside the computational domain, ¢; = 0 for i = 1,2. These

equations naturally fulfill the condition that the potential vanishes at —z,z,p — oo.

Note now that the problem (3.24b)) can be solved by the procedure described in section

since ¢y is the union of the solutions to the problems at (3.4).

In terms of these components, the flux equation (3.5) can be expressed as

¢ A¢i
CINE
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3.3 Full free boundary conditions

3.3.3 Expansion in solutions of the Laplace equation

The potentials ¢; in (3.254)) are solutions of the Laplace equation in cylindrical coordinates
and they can be expanded using a set of solutions (see e.g. Jackson| (1975)). Since the
domain is unbounded in the radial direction, instead of a series expansion we obtain an

integral transform, which we can write in terms of the zero-order Hankel transform as:

do = f " kdk |4 (k) € + B (k) e™*| Jo (kp), (3.27a)
0
. f " kdk C () €k Jo (kp) (3.27b)
0
3 = f " kdk D (0 ey (kp) (3.27¢)
0

where Jy (x) is the zero-order Bessel function of the first kind and the functions A, B, C, D
weight the independent solutions to the Laplace equation. Note that, although the factor
k can be absorbed into these functions, it appears explicitly in order to show the Hankel
transform structure.

The function ¢r,, can also be written as:

ory (0) = fo k dkE; (k) Jo (kp) . (3.28)

Casting these equations in the form of a Hankel transform is important because as the
Hankel transform can be inverted (it is its own inverse) we can use the fact that, subject to

some regularity assumptions,

fm kdk F (k) Jo (kp) =0 < F(k) =0. (3.29)
0

3.3.4 Continuity of the normal derivative

Imposing that ¢o = ¢; = ¢r,, at z = 0 and L, we solve for A, B, C, D using (3.29) and write
B.27) as

(T kdk 7 o
do = f —eZkL I [(EzekL — E1)€k~‘ + (_EZ + ElekL>e k(z L)] Jo (kp) , (3.30a)
0 _
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b1 = f kdk E e Jqy (kp), (3.30b)
0

ér = fo kdk Eye™ D Jo (kp) . (3.30c)

Using these expressions into the equation for the normal derivative (3.26) we obtain

= 2eML2 dk . 90

fo 2K | (EZ —Ee )Jo (ko) = - Fe . (3.31a)
= L2 di 90

i (E2¢" — i) Jo (kp) = - —= 331b

fo‘ esz—l( 2€ l) o (kp) 5 |, ( )

The Bessel functions fulfil the closure relation and in particular the zero-order Bessel

function

f " rJo (kr) Jo (K'r) dr = %6(/& - k), (3.32)
0

where & (k — k’) represents the Dirac delta function.
We can obtain the coefficients E; and E, going back to the k-space by means of the

Hankel transform and using the closure relation (3.32)):

E, (k) = (e’kLIL - 10), (3.332)

N —

E, (k) = % (IL - e—kLIO), (3.33b)

where

Jo (kp) . (3.34)

z=0,L

1 e O
for () = _%fo pdp 22

In this expression ¢o and its normal derivative are known from the algorithm described
in[3.2.5] Therefore we can compute Iy, and, using (3.33) E| ». These functions in turn can
be inserted in (3.28) to yield the boundary condition to impose on I’ 5.

So far we have got ¢r,,, however, we need to calculate again the boundary conditions

at r = R using equation [3.30a]
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3.3.5 Algorithm

We are now ready to detail the domain-decomposition algorithm that allows us to solve the
Poisson equation in the reduced computational domain Qg with free boundary conditions

in the radial direction and at the top and bottom boundaries of the computational domain:
1. Compute ¢, by following the algorithm in section

2. Calculate the normal derivative of ¢, at z = 0, L. Apply a Hankel transform and use

expressions to obtain the coefficients £} and E,.

3. Use these coeflicients to obtain the boundary values ¢r,, by using a second Hankel

transform (3.30b}|3.30c¢)).

4. Update boundary values at » = R with an additional Hankel transform (3.24a))

5. Solve the Poisson equation in € with the boundary conditions computed in the

previous steps.

3.3.6 Tests and sample implementation

3.3.6.1 Tests

In order to test our scheme we consider now a simple setup where the Poisson equation
has a closed-form solution. An example of such a configuration is an uniformly charged
sphere located in free space (see e.g. (Jackson,|1975))) .

Suppose a sphere centered at (p, z) = (0, z9) with radius @ < R and total charge Q. At

a point with cylindrical coordinates (p, z) the potential reads

if o? + (z — 20) > a2,

1
o2 % E(:2J:(pzz_—zzz)ijzlol)2 e 2 2.2 33
55— ifp°+(z-z2)" < a’.

Figure 3.2 shows a comparison between the potential along the z-axis computed using
expression and the approaches described in section and Section Here we
took ¢ = 3mm, R = Smm, Q = 103 e (e is the elementary charge), zo = 5 mm. For the
discretized solution we used Ar = Az = 25 x 107> mm and a longitudinal extension of the

computational domain AL = 10 mm.
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Figure 3.5: Comparison between the electrostatic potential along the z-axis created by a uni-
formly charged sphere in free space using the approach described in section[3.3] the potential
[3:35]and solving Poisson’s equation with Dirichlet boundary conditions in three domains of in-
creasing length. Note the overlap between the lines corresponding to free boundary conditions
and the reference solution @

The potential calculated with the approach presented in this section is indistinguishable
from the analytic solution (3.35). Dirichlet boundary conditions at the two ends, on the
other hand, produce a potential that deviates nearly 25% from the analytic solution at the
center of the sphere. To investigate the convergence of the homogeneous Dirichlet solution
we extended the computational domain and computed the potential for L = 20 mm and
L = 40mm. As we move z,;, and z,,, away from the center of the charged sphere,
the solution with Dirichlet conditions approaches our reference solution (3:35). As the
charged sphere gets closer to the electrodes, the electric potential shows a more prominent
drop to fulfill the condition ¢ (z = 0, L) = 0. In streamer simulations this causes slightly

higher values of the electric field at the streamer head as we will see in the next section.
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3.3.6.2 Order of accuracy

We have checked that the method described above does not change the order of accuracy
of the discretization of the Poisson equation by constructing a closed-form solution of the
Poisson equation that decays at infinity. We have used the potential

2 _ (=)

p=e 7 2, (3.36)
whose Laplacian has the form
1 2 2 2
Ap=—; [4}’ —-60°+4(z-2) ]
7 , (3.37)
_ 2 (=)
Xe o2 o2

Although this charge density is not strictly bounded, the contribution of charges ex-
cluded from the domain decays super-exponentially as the domain becomes larger and can
thus be neglected as long as 7,4 — 2o and z,,;, — 2o are sufficiently larger than o.

We have solved the Poisson equation corresponding to the Laplacian with L =
Im, o = 0.1 m and zp = 0.5 m within a cylindrical domain with a radius R = 0.5m. We
have imposed free boundary conditions at every boundary of the domain. In this manner
we checked that the convergence in the £>-norm is of second order, the same as that of the
finite difference scheme.

We are also interested in the convergence as we move the boundaries z,,;, and Zqx
away from the charged sphere. Following the example in subsection[3.3.6.1] this time we
change the radius of the sphere to 0.1 mm, R = 10 mm and the mesh spacing to 10 um.

Errors are presented in Table[3.2]

\ AL(mm) \ lell, \ il \ lell; \ o llelleo B
0.3 2.539x 1073 | 1.773x 1072 | 1.385 | 2.393 x 1072 | 5.504 x 107 | 5.586 x 1073
0.6 1.811x 1073 | 1.095x 1072 | 1.401 | 1.429x 1072 | 2.491 x 107 | 2.753 x 1073
1.2 1.265x 1073 | 6,941 x 1073 | 1.385 | 8.965x 1073 | 1.216 x 107 | 1.344 x 1073

Table 3.2: Errors obtained with changes in the longitude of the domain

3.3.7 Streamer simulations

As we did before for the case of free boundary conditions in the radial direction, in this

subsection, we present the results of several negative streamer simulations where we apply
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Figure 3.6: Comparison of the module of the electric field along the z-axis for a streamer
simulation with Dirichlet boundary conditions at z = 0 (solid blue line), Dirichlet boundary
conditions at both ends with domain lengths 1.5 cm (solid orange line) and 3.5 cm (dashed
green line). As the streamer approaches the electrode at z; = 1.5 cm (solid orange line), the
electric field at the streamer head increases since the electrostatic potential drop occurs in a

shorter distance.

electrostatic free boundary conditions at r = R and z = z;. The solution to this problem is
obtained by simply considering the boundary values calculated at I'; and setting I, = 0 in
equation 3336 As for the extent of the domain, R = 0.4 cm and we vary z, in the three
streamer simulations: two of the streamers simulations with Dirichlet boundary conditions
at both ends z; = 1.5,3 cm and one streamer simulation with free boundary conditions at
zr = 1.5¢cm.

Initial conditions are the same as in subsection[3.2.7} except for the background electric
field that we set to 25 kV/cm here.

Figure[3.6]shows the results of the three simulations for the module of the electric field
along the z-axis at ¢ = 40 ns. The dashed line represents the reference solution (z; = 3 cm)

since the electrode is far enough from the streamer head. As we can see, the solution
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Figure 3.7: Comparison of streamer velocity for a streamer simulation with Dirichlet bound-

ary conditions at z

0 (solid blue line), Dirichlet boundary conditions at both ends with

domain lengths 1.5 cm (solid orange line) and 3.5 cm (dashed green line). As the streamer ap-

proaches the electrode at z;, = 1.5 cm (solid orange line) the streamer head accelerates. This is

not observed in the two other simulations where the streamer head keeps a constant velocity.
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with free boundary conditions at z; = 1.5 cm approximates the reference solution fairly
well. On the other hand and as expected, the solution with Dirichlet boundary conditions
at z;, = 1.5cm deviates from the reference solution. The electric field in the streamer
body/head is slightly overestimated, specially as the streamer approaches the electrode at
Z=72L-

As a result of this, the propagation velocity of the the streamer head is different (fig.
and for the case of Dirichlet B.C. at z;, = 1.5 cm, the streamer head accelerates while

for the other two cases, the streamer head keeps a constant velocity.

3.4 Discussion and conclusions

Most electric discharges develop as elongated channels. Despite different physical con-
ditions and ionization mechanisms this feature is common to streamers, leaders and arcs.
The underlying reason for this shared property is that all these processes are affected by a
Laplacian instability Arrayas et al.|(2002); |Derks et al.| (2008), whereby small bumps in
a discharge front enhance the electric field ahead and thus grow faster than the surround-
ing regions. This prevents the formation of wide, smooth discharges and creates branched
discharge trees of many filaments |Lugue and Ebert|(2014).

Since this is the preferred shape of a discharge, it is reasonable to optimize our numer-
ical models for elongated channels, selecting high-aspect-ratio computational domains.
The method that we have presented here can be used to achieve this efficiently and without
losing accuracy.

We have presented a first extension of this method, where we also set free boundary
conditions at the upper and lower simulation boundaries. This can be useful for the in-
vestigation of discharges not attached to any electrode or, with appropriate modifications,
attached to a single electrode. This extension can be computationally more expensive if
Hankel transforms are not properly treated.

A second extension is to adapt the method to run in parallel in several processors.
If we parallelize the Poisson solver by decomposing the domain, the application of the
method described above requires collecting information about the initial solution around

the external boundary and then performing a one-dimensional Fourier transform. The
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overhead of these steps is small compared to the operations required for the solution of
the Poisson equation so the method can be efficiently parallelized. This method has been
integrated in our code and succesfully runs in parallel (MPI framework) upon thousands
of computing nodes.

Finally, one may ask about the suitability of this method for non-uniform meshes and,
in particular, for adaptively refined meshes. Although the application of the method is in
principle straightforward, a careful analysis is required to understand the error incurred
due to a possibly coarser resolution around the boundary than around a localized charge
density. This analysis, however, falls out of the scope of the present chapter.

Note that although we have focused on the solution of the Poisson equation, this
method can be easily generalized to other elliptic partial differential equations. This can
then applied to other components of streamer simulation codes such as the speeding-up
of photoionization calculations by approximating the interaction integral by combining
solutions of a set of partial differential equations, as proposed in references |Segur et al.
(2006); |[Luque et al.|(2007); \Bourdon et al.|(2007). Our code includes the computation of

the photoionization term (see eq. [2.2) using this method.
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Chapter 4

Spontaneous emergence of space
stems ahead of negative leaders in
lightning and long sparks

4.1 Introduction

One of the outstanding mysteries in atmospheric electricity concerns the progression of
negative lightning leaders. Being hot and ionized channels, leaders are initiated in a thun-
dercloud and expand bipolarly, with their positive and negative extremes advancing in
more or less opposite directions. For some elusive reason, negative leaders advance in a
stepped fashion, with waiting times of tens of microseconds punctuated by sudden jumps
of microsecond time scale (Dwyer and Uman),|2014). This behavior is observed not only in
lightning leaders but also in negative laboratory discharges longer than about two meters.

Besides being a fundamental but mysterious process in electric discharges, leader steps
are relevant because they produce the Very High Frequency (VHF) radio pulses that re-
veal the development of lightning flashes in Lightning Mapping Arrays (Thomas et al.}
2001). Leader steps are also correlated with X-ray emissions detected around a light-
ing discharge (Dwyer et al., [2005) and therefore they are possibly linked to Terrestrial
Gamma-ray Flashes (TGFs) detected by satellites orbiting hundreds of kilometers above
ground (Fishman et al., [1994; \Smith et al., [2005; |Marisaldi et al.|, |2010; |Briggs et al.}
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2013).

The first observation of leader stepping can be traced back to the pioneering work
of |Schonland et al.| (1935) in the 1930s, who coined the term “stepped leader” for the
intermittent advance of downward negative lightning channels recorded in their streak
camera. In the decades after Schonland’s work, advances in this topic arose mostly from
laboratory experiments with meter-long spark discharges. The work of, among others,
Gorin et al.| (1976) and the [Les Renardieres group| (1978a) revealed the dynamics of a
negative leader step: the leader tip is preceded by a filamentary corona containing a bright
nucleus termed “space stem”. After some microseconds the space stem evolves into a
“space leader” that propagates in both directions and whose extremes are surrounded by
additional coronas of both polarities. The leader completes one step when the space leader
bridges the gap to the main leader channel.

Recordings with the high-framerate video cameras fielded in the last decade show that
lightning leaders, although they involve slightly different space- and time-scales, follow
the same pattern as long laboratory sparks. With integration times of a few microseconds,
the observations of |Hill et al.| (2011) for natural stepped leaders and |Biagi et al.| (2014)
and |Gamerota et al.|(2014])) for leaders in triggered lightning captured images of the space
stem ahead of the leader tip, embedded in a filamentary corona.

Despite these observational advances, our understanding about the physics of stepped
leaders is still very incomplete. Measured optical spectra indicate that the leader tempera-
ture reaches around 5000 K (Cooray,|2003) and even 30000 K (Kieu et al.,[2020) for lab-
oratory discharges and up to 30 000 K in lightning leaders (Orvillel [1968)), which, in both
cases and according to chemical models, suffices to sustain a high ionization (Gallimberti,
1979). On the other hand the filaments in the corona, called streamers, are not much above
ambient temperature; their ionization, lower than that of leaders, is created mostly at their
tips, where they enhance the electric field strongly enough to accelerate electrons up to
the threshold of impact ionization (Ebert et al.,|2010). Models for the streamer-to-leader
transition (Popov, 2003} |[da Silva and Paskol [2013)) successfully reproduce the transition
time scale of around 1 ps for atmospheric pressure but depend on manually imposing a
total electric current that in reality is an outcome of the discharge physics. They also ne-

glect the longitudinal inhomogeneity of the discharge and therefore they sideline leader
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stepping and the formation of space stems. The physical mechanism governing the latter
remains a mystery (see e.g. (Biagi et al., 2010; jand Raizer, 2010)); a recent review (Dwyer
and Uman),2014) included this problem in the top ten questions in lightning research.

In this chapter, we show that space stems originate from an attachment instability
inside streamer channels. Since space stems are the key to leader stepping, our results
open the door to the full understanding of this mechanism as well as its associated radio
and energetic particle emissions. Originally investigated in the 1970s (Douglas-Hamilton
and Mani), (1974} |Sigmond, |1984), the attachment instability is triggered by regions of
lower conductance per unit length (i.e. conductivity integrated over a cross-section) inside
a corona, which we show arise spontaneously when a negative streamer emerges from a
leader. One major and slightly counter-intuitive aspect of our work is that bright regions
inside a corona reveal regions of lower, not higher, electron density. Although this is in
complete correspondence with a regular electric circuit where energy is mostly dissipated
in high-resistivity components, this insight has escaped previous interpretations of the
space stem. At high-altitude, in leader-less discharges (sprites), the attachment instability
forms standing patterns called beads and glows (Luque et al., |2016b} \Lugue and Ebert,
20105 [Liu, [2010).

4.2 Space stem

4.2.1 Model and Initial Conditions

Since lightning leaders and long laboratory sparks share the same mechanism of propaga-
tion, to simplify our computations we choose to focus here on the propagation of a leader
under laboratory conditions. Typical laboratory leaders span from tens of centimeters to
around one meter and are surrounded by streamer coronas with roughly the same exten-
sion (Kostinskiy et al.,|2018)). These dimensions are too computationally demanding so, as
we detail below, our simulated system is somewhat smaller.

We opt for simulating a single streamer that emerges from a leader tip; our assumption
here is that the surrounding corona is not an essential component of the physics of space
stems. We cannot rigorously justify this assumption but it is beared out by the similarity

between observations and our results.
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We thus investigate the formation of space stems ahead of a negative leader channel
with our 2D cylindrically symmetric model (z, r) for electric discharges that includes heat-
ing and expansion of the background gas fully self-consistently (see chapter 2).

The kinetic scheme employed in our simulations includes impact ionization, attach-
ment/detachment, and water cluster formation/breaking. A detailed description of the
scheme can be found in the supplementary material of |Lugue et al.|(2017). The only

difference is that for the three-body attachment reaction
0,+0,+e— 0, +0,, 4.1

here we have used the rate from |Kossyi et al.| (1992).

We emphasize the presence of water in the chemical model of our simulations. The
relevance of water vapor for the evolution of streamer channels was previously discussed
by |Gallimberti| (1979) and |Luque et al.| (2017). By clustering around negative ions, even
a small quantity of water molecules effectively suppresses electron detachment and thus
strongly influences the evolution of the electron density on time scales of tens of nanosec-
onds.

Streamer discharges develop as thin and elongated channels which call for a nar-
row computational domain. To achieve this while suppressing the influence of the radial
boundary conditions in the Poisson’s equation we use the domain decomposition method
described in chapter [3] Using this method, we solve Poisson’s equation with Dirichlet
boundary conditions at z = 0 and free boundary conditions elsewhere to prevent boundary
effects as the streamer grows. By free boundary conditions we mean: 1) the potential tends
to zero as the distance tends to infinity and 2) they are consistent with the charge inside
the domain. The full domain size is 25 cm X 3 cm.

The term Q‘}f 5 in equation couples the electrodynamics and bulk gas dynamics
and accounts for dissipated power due to the electric current inside the corona. But note
that this power is distributed unequally among the degrees of freedom of the underlying
gas. Since the time scales involved in the streamer-to-leader transition are too short to
reach thermodynamic equilibrium, the fraction of energy deposited into different degrees
of freedom depends on the local conditions and, in particular, on the local electric field

(Flitti and Pancheshnyi, [2009; \da Silva and Paskol 2013). A small fraction is directly
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converted into translational energy of gas molecules and quickly thermalized. A larger
amount excites electronic and ionization states; this is responsible for the process of fast-
heating (Popov,2001) and relaxes into thermal energy at time scales on the order of 100 ns.
Another fraction of the energy is spent in dissociation of oxygen and nitrogen molecules
and, finally, the remaining energy excites vibrational states and its time to thermalization
is on the order of one second at ambient temperature and only significant compared with
our relevant time scales once the temperature reaches about 10% K: this relaxation is ne-
glected in the present study. Since, as we describe later, most heating is due to energies
dissipated at or around the conventional breakdown electric field, roughly 30kV/cm, we
take the energy branching ratios corresponding to this field, where about half of the energy
is frozen into vibrational excitations (see e.g. figure 1 in (Flitti and Pancheshnyi, 2009)).
Furthermore, since the characteristic time of gas temperature increase is much longer than
100 ns, for the sake of simplicity, we consider fast-heating to be instantaneous. Then, we
arrive at

1 =nj-E, (4.2)

where n = 0.5, j = > gsn,Vs and s run over all the species involved in our model.
s
Our initial condition consists in a short portion of leader with a small ionization patch
slightly ahead of the tip that mimicks an irregularity of the leader head. Thus, the initial

electron density is the sum of a uniform background ngg plus

‘ —7.,0 2 2
nleeader = N, EXP [_M — r_z) s (43&)
207 20;
and
z-z5) 7~
nzeed = Nen €XP [_TZS — F s (431’))
N N

where z;, = Scm is the location of the leader tip, the seed center is at zg = 6.1 cm, the
e-folding lengths are oy = 3mm, oy = 1.5mm and the electron density peaks at n,y =
10> m=3. The initial electron density is neutralized by an identical density of positive
ions. Note that we selected these initial conditions after a few trials where we disregarded
cases in which the streamer branches because these cannot be captured by our cylindrically
symmetrical model. Besides, as mentioned above, to keep our computations feasible, the

initial leader is somewhat shorter than experimental stepped leaders.

79



4. SPONTANEOUS EMERGENCE OF SPACE STEMS AHEAD OF NEGATIVE LEADERS IN
LIGHTNING AND LONG SPARKS

We have run two different simulations: one with photo-ionization (nleJg = 0) following
the method presented by |Lugue et al.| (2007)), and another with a pre-conditioning of the
gas surrounding the leader due to preceding coronas by adding a constant background ion-
ization level n?g = 105 m=3. In both cases, we observed similar formation of a space stem
but the simulation with photo-ionization exhibited an oscillation of the electric field at the
streamer head that we attribute to a numerical artifact due to insufficient resolution for the
smallest length scales involved in photo-ionization (Zhelezniak et al., |1982; \Wormeester
et al., [2010). Henceforth we limit ourselves to the simulation without photo-ionization.
To check that this does not affect our key results we used another numerical code at our
disposal (PESTO, described by |Luque| (2017)) that includes photoionization but does not
account for gas heating or long-term chemistry. Using PESTO, we run simulations with a
numerical resolution of 6 um that produced results similar to those described below.

The embedding gas is a mixture of 79% N, and 21% O,. Initially, the gas pressure
is 1 atm and the mechanical energy is zero. The ambient temperature is 300K and the
temperature of the leader follows the same distribution as n/**®" with a peak value of
2700K. Note that our model does not include high-temperature chemistry for the leader:
in our simulation the role of leader is merely to provide the electrostatic environment for
the streamer propagation. Finally, the simulation is driven by an external electric field
pointing towards the leader with magnitude Ey = 10kV/cm + (20kVem™! us" )t, where ¢
is the simulation time.

With these conditions we simulated the inception and propagation of a streamer emerg-
ing from the leader tip. Our total simulation time was limited to about 100 ns at which point
the streamer leaves the simulation domain. As we see below, this time is enough to see the

formation of the space stem but too short to observe the full streamer-to-leader transition.

4.2.2 Results

Figure d.TJA summarizes our simulation. As the streamer emerges from the leader it goes
through a narrowing phase where the conductance per unit length decreases. The charge
transport through the streamer channel tends to homogenize the electric current flowing
across the streamer channel, which implies a higher electric field in the narrow section. As

sketched in figure {.TB, where we plot the effective ionization rate of air, this enhanced
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Figure 4.1: As a streamer propagates out of a leader tip it creates a segment of reduced
conductivity that evolves into a space stem. Panel A summarizes the evolution of the streamer
in terms of the electron density (top), electric field (middle), and temperature (bottom). The
electric field row includes equipotencial lines with constant spacing 12.5 kV, 13.5 kV and 14.5
kV (from left to right). The streamer leaves in its wake a segment of lower conductance per
unit length that evolves into a space stem due to the attachment instability process sketched in
panel B: a higher electric field accelerates the depletion of electrons, which in turns enhances
the electric field. Finally, in panel C we show that our simulation reproduces the features of
a space stem by plotting light emitted in the second positive system of the nitrogen molecule
during the full simulation. We have masked (white region) leader emissions to focus on the
space stem.
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field triggers an attachment instability (see chapter[I)): the higher field increases the rate
of dissociative electron attachment, decreasing further the conductance per unit length and
increasing the field. This process enhances the electric field inside the narrow section of the
channel until it saturates at an electric field where the net ionization curve slopes upward,
between 25 and 30kV/cm. A necessary condition for this process is that the electric field
inside the streamer channel steps above the minimum of the effective attachment rate,
around 10kV/cm (see figure [4.1B). Hence, the emergence of space stems is favoured in
streamers with high internal electric fields.

To check that the narrow segment with an enhanced electric field reproduces the ob-
served features of a space stem, we computed the spatial distribution of light emissions.
We included in our model the electron impact excitation of nitrogen molecules to the
N2(B3Hg) and N,(C3I1,) electronic states, which are responsible respectively of the first
and second positive systems of N, (see section in the Appendix for further details
on the chemistry used to describe light emissions). We found that in our conditions the
emissions of light are dominated by the second positive system and panel C of figure .]
shows these emissions integrated over the 100 ns of simulation. There we notice a bright
spot embedded in a dim channel, clearly reminiscent of images in high-speed recordings
of leader progression (Hill et al.,[2011}; |Biagi et al.l 2014;|Gamerota et al.,2014)). Based
on this resemblance we will henceforth use the name stem for this bright nucleus within
the channel.

Let us now analyze the gas heating produced by the discharge. This is represented in
the bottom row of panel A in figure[d.1] where we show the temperature variation relative
to the initial conditions. The air in the stem heats up about 6 K in 100 ns. However, in our
simulation the electron density decreases both in the stem and in the surrounding channel
with a time scale close to 100 ns. This is consistent with previous models and experiments
that investigated the effect of the repetition rate in streamer discharges (Nijdam et al.,|2014])
and therefore it is unlikely that this electron depletion is due to shortcomings of our model.
In our context it implies that the heating ratio diminishes: we do not expect a much higher

temperature even if, by increasing our domain size, we extended our simulation time.
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4.2.2.1 Formation of the Space Stem

Our key result is that the attachment instability is responsible for locally warmer regions
ahead of a leader. A number of processes may reduce the channel conductance per unit
length and trigger the instability, among them a jittering of the leader potential during the
streamer propagation or pre-existing conductivity or gas-density perturbations along the
streamer path (Luque and Gordillo-Vdzquez, [2011; |Luque et al.,[2016b)). Neither of these
processes was included in our simulations and nevertheless the space stem formed sponta-
neously, which suggests that isolated stems are robust features of leader propagation.

In our simulation the stem results from a narrowing of the channel. Note that the nar-
rowing of negative streamers ahead of a leader or a pointed electrode has been observed by
Kochkin et al.|(2014) and by [Kostinskiy et al|(2018)). As we show in figured.2]the streamer
head is initially wide because it is affected by the divergence of electric field lines emerg-
ing from the leader’s curved tip. As this divergence decreases away from the leader tip, the
streamer head shrinks. The narrowing of the streamer channel enhances more strongly the
electric field at the tip, increasing the degree of ionization left in the streamer head’s wake.
The total conductance per unit length of the channel scales approximately as R’7n,, where
R is the channel radius and n, the electron density: initially the significant decrease of the
radius dominates and the conductance per unit length diminishes; afterwards the increase
of n, due to a higher field at the tip overcomes the narrowing and the conductance per unit
length increases again. The resulting minimum is the origin of the space stem as we show
in the upper panel of 3] In the same figure (lower panel) and as we stated before, despite
the noticeable variation of the conductance per unit length, the intensity is homogeneous
across any section of the channel, including the space stem.

Let us now discuss the observed asymmetry between positive and negative leaders.
Stepping is more prominent and readily observable in negative leaders but there are now
clear observations (Kostinskiy et al.,2018)) that under conditions of high relative humidity,
positive leaders also experience stepped progression although space stems have never been
observed in positive leaders. Our results provide a natural explanation for this asymmetry:
the attachment instability is triggered by elevated electric fields inside a streamer channel

and due to stronger ionization in positive streamers, these fields are higher in negative
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Figure 4.2: The space stem emerges due to the narrowing of the streamer channel. As sketched
in panel A, when the streamer is still close to the leader tip it is widened by the diverging elec-
tric field lines around the curved leader tip; as it distances itself from the leader, the streamer
is driven by a more homogeneous electric field and becomes narrower. This is shown in panel
B, where we plot the streamer radius as a function of the streamer head position. The radius is
defined here as the radius of curvature on the central axis of the surface defined by the max-
imum of the electric in the z direction around the head. The reduction of the radius leads to
higher peak electric fields (panel C) and the resulting total channel conductance per unit length

exhibits a minimum that afterwards evolves into the space stem as described in figure E
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Figure 4.3: The upper panel shows the conductance per unit length around the space stem
(grey area) at 25 ns, 50 ns and 100 ns. As the streamer propagates away from the leader
tip (25 ns curve), the channel undergoes a narrowing until the conductance per unit length
reaches a minimum (space stem). Right after, the channel starts to be able to compensate
this narrowing with an increase of the electron density produced by a higher electric field
and then the conductance per unit length rises. The two remaining curves show latter states
of the conductance at the space stem, where the electron depletion is clear after attachment
instability effects. The lower panel supports the idea that the low conductance in the space stem
is countered by a high electric field to achieve an homogeneous intensity along the channel.
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Figure 4.4: Positive streamer propagating in a background field of 7kV/cm after 100 ns.
The attachment instability is triggered close to the leader tip, where the electric field is locally

enhanced. This supports the idea that isolated stems cannot exist in positive leader

streamers (Luque et al., |2008) for the same external field. Besides, positive streamers
are initiated more easily (Liu et al| [2012) so they are launched from the leader tip at a
lower potential and thus a lower driving electric field than negative streamers. To check
this explanation we run simulations of positive streamers under driving electric fields of
10kV/cm and 7kV/cm; there the attachment instability was triggered only in regions of
the channel very close to the leader tip (see fig. [.4), supporting the idea that steps in

positive leaders exist but they are so small that isolated space stems cannot be observed.

4.3 Two-Sphere Model for a Leader Corona

In the previous section we described in detail the initial 100 ns of the streamer-to-leader
transition. This time is sufficient to establish the space stem but it is clearly too short to
reach the characteristic temperatures inside a leader. Unfortunately, for the reasons ex-
plained there, currently microscopical models cannot be extended to long times. However,
we may obtain a glimpse of the most important physics at these longer time scales.

We present here a streamlined and heavily simplified model of the corona ahead of a
leader. Although it is clearly insufficient to produce accurate predictions, it illustrates two

things of the physics of the streamer-to-leader transition: (1) that for the streamer-to-leader
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transition to occur there must be a mechanism that either creates new streamers or increases
the conductivity of existing channels by means of consecutive ionization waves and (2)
that a small difference in initial electron density in the stem leads to large differences in

the heating rate of this segment compared to the rest of the corona.

4.3.1 Model Description

The model’s geometry is sketched in figure[d.5] The leader tip is mimicked by a conducting
sphere of radius a at a potential V, whereas the electric charge in the corona is distributed
within another sphere with radius b. The centers of the two spheres are separated by a
length L. In order to simplify our calculations we assume that the corona sphere has a
uniform potential V¢ arising from a total corona charge Qc. The electrostatic system of
two conducting spheres with potentials V;, V¢ and charges Q; and Q¢ is defined by a

capacitance matrix C such that

C C V
03 _ e Crc L , @.4)

Oc Ccr Ccc Ve
where the elements of C can be calculated by repeated application of the method of images.

From (4.4) we obtain

Ccr Oc
Ve=-—Sty, + 2¢
¢ Cee "7 Cec

4.5)

The two spheres are connected by streamer channels, which this model represents as
linear electric resistors. Of these, N are identical, unperturbed resistors of length L (we
neglect differences in these distances) whereas one perturbed channel contains the space
stem and is thus divided into three serially connected resistors: the space stem, of length ¢
is surrounded by two channels of length (L — €)/2.

The current inside each resistor is generated by the drift of current carriers, each with
mobility us, where s = 1,... indexes the species (this includes electrons and positive and
negative ions). The underlying charge carrier densities and mobilities in the streamers are
respectively ng s in the unperturbed, long channels, 7ngen ¢ in the stem and n) 4 in the two

channel segments surrounding the stem. These densities are uniform within the channels,

all of them of cylindrical shape and with a radius r.
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Qc, Ve

corona

Figure 4.5: Sketch of the model. Two conducting spheres, representing respectively the
leader tip and the corona space charge are connected by channels representing the streamer
discharges. Most of these channels are uniform and modeled as single resistors. One of the

channels is perturbed to contain a space stem, represented by a different resistor (shown in red).
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4.3 Two-Sphere Model for a Leader Corona

Assuming now that the electric field that drives the charge carriers inside each channel

can be approximated by its average, we obtain the current in the unperturbed channels as

arte(Vy — V¢) ViL-Vc
o= 2L VNN s = : 46
0 . Zu o = 5 4.6)

where the resistance R is defined as

-1
L
Ry = p— {Z #sno,s] . 4.7

Defining similarly the resistance of the stem as

-1
¢
Rstem = 726 {Z ﬂsnstem,s] s (4.8)
and that of the two channel surrounding the stem as
_ZL=-9
- 27”’2 Zﬂsnl N ) (49)

yields for the current in the perturbed channel

V- Ve
I = ——. 4.10
! Rstem + 2Rl ( )

The charge accumulation in the corona then follows

dQOc
—— = NIy + 1. 4.11
” o+ 1 4.11)

The species densities evolve according to the chemical system described in the main
text subjected to electric fields averaged over the extension of each path, which can be
calculated from Ohm’s law as £, = R.I./l., where c indicates the kind of channel (unper-
turbed, stem or stem-neighbors) and /. is the channel’s length. Furthermore, each channel
dissipates energy at a rate R.I> and therefore its temperature increases at a rate

ar ﬂRcI%

dr _ _miele 412
dt  #ar2l.ng.cy (4.12)

where n,;; is the number density of air at standard temperature and pressure and cy is
the specific heat capacity of air, which we take as cy = (5/2)kg, kg being Boltzmann’s

constant.
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Parameter Value

L I'm

a lcm

b 25cm
r 0.5 mm
Vi 1MV
N 50

Table 4.1: Parameter values employed in our simulations.

Note that as the stem heats up some processes that are not included in our chemical
model, such as vibrational-translational relaxation, play an increasingly significant role.
Therefore high temperatures in this simplified model cannot be considered as quantitative
predictions.

The parameters used in the following simulations are listed in table 4.1} As initial
conditions we set an electron density 7, = 10'” m™3, balanced by N," and O," in a ratio
matching the air fractions of molecular nitrogen and oxygen. In the “stem” resistor this
initial density is reduced by a factor 0.75. Once this different initial condition is set, all
resistor follow the same evolution equations. Note that our input values have not been

fine-tuned to obtain the results described below.

4.3.2 Single Corona Discharge

As a first step, let us check that results from this simplified model are broadly consistent
with the fluid model described in section 4.2 Figure 4.6 shows the evolution of the most
relevant variables of the model. The main result is that, as we noticed in section 4.2} the
electron density is depleted with a time scale of around 100ns. Hence the temperature
in any of the channels does not increase further than a few Kelvin. However, the small
perturbation in electron density introduced in the “stem” channel is sufficient to excite the
attachment instability described and thus drives this component to higher electric fields and
more dissipation. The increase in temperature is thus significantly higher in this segment
but still far below that needed to transition to a leader.

Note however that the potential drop between the leader and the corona has barely
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Figure 4.6: Simulation of a single corona discharge in the two-sphere model. Here we show
100 ns of simulation. The top panel shows a small decrease in the potential drop; the cen-
tral panel shows that the electron density decays quickly, faster in the space stem that in the
other channels. Finally, the lower panel plots a small increase of gas temperature, which is

nevertheless much more significative in the stem.
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bulged and there is still a high potential in the leader that is available to initiate new dis-

charges.

4.3.3 Multiple Discharges

We hypothesize that the large electrostatic potential remaining at the leader tip after the
electron density has been depleted generates subsequent ionization waves that prevent
the conductivity region ahead of the leader tip to disappear completely. To substantiate
this hypothesis we provide here an example of how the physics of the streamer-to-leader
transition may work on long time scales after the space stem has formed.

Assume then that due to its high potential, the leader tip launches successive streamer-
like ionization waves that propagate along or close to previous existing channels. A similar
process was observed by |Nijdam et al.| (2014). As an example, let us assume that these
waves are launched every 100 ns and that their effect is to increase the channel ionization
by a factor 10. Given their fast time scales, these ionization waves can be implemented in
our model by instantaneous increases of the electron and ion densities.

The result is plotted in figure where we show the evolution of the system after
10 ionization waves. The gas heating in this case is stronger, with the stem reaching
a temperature close to 800 K compared to only about 400 K for the rest of the corona

channels.

4.4 Discussion and Conclusions

Our simulations show that the attachment instability explains the features of space stems
ahead of propagating leaders. However at around 100 ns the overall conductivity of a
streamer channel decays, stalling the increase in temperature. Our results thus stress the
role in maintaining the corona played by poorly understood processes such as the inception
of counter-propagating streamers (Kochkin et al.,[2016; |Luque et al.,2016b) or the prop-
agation of successive ionization waves along pre-existing channels (Phelps,|1974; Nijdam
et al., 2014; \Babich et al.| 2015} |Rison et al.,|2016)). Previous models (Popov, 2003; |da
Silva and Pasko,2013)) missed the relevance of these processes because they were not self-

consistent and set a constant current intensity in the channel. In these models a reduction
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Figure 4.7: Corona discharge followed by multiple ionization waves that sustain a high ioniza-
tion in the streamer channels. In this case the electrostatic potential drop (top panel) decays sig-

nificatively, whereas the electron density (middle panel) increases slowly. The temperature of

the channels (lower panel) increases up to around 800 K for the stem and only to around 400 K

for the rest of the channels.
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of the electron density is immediately counteracted by an increase in the applied electric
field so electrons are never significantly depleted. However, no physical mechanism with
such an effect has been described in the literature.

As we have already shown, a single streamer discharge is unable to dissipate enough
power to transit into a leader. Nontheless, the relatively poor conductivity of a streamer
corona together with a variable potential at the leader tip imply that there is often a sig-
nificant electric field within the corona. This field triggers either new streamer burtsts,
as observed by |Kochkin et al.| (2014) or ionization waves retracing previous streamers, as
proposed by |Babich et al.| (2015)). It is also responsible for counter-streamers seeded by
charges in existing stems. Remarkably, all of these mechanisms have been linked to X-ray
emissions from long sparks (Kochkin et al.,|2015; |@stgaard et al.,|2016; |lhaddadene and
Celestin, 2015 |Kohn et al.l 2017; |\Babich and Bochkov, 2017, |Luquel 2017; |Babich et al.,
2015) and these X-rays are in turn linked to leader stepping (Dwyer et al.,[2005)).

To check that these mechanisms may indeed explain the streamer-to-leader transition
within the currently established observational constraints, we have developed a simplified
model of a leader corona that we describe in sectiond.3] The model shows that ionization
waves increasing the electron density a factor of ten and repeating every 100 ns would lead
to a significant increase of the temperature of the channel. But the main outcome is that
a small difference in initial electron density in the stem leads to large differences in the
heating rate of this segment compared to the rest of the corona.

An important simplification of our model is the assumption that a space stem can form
within a single streamer channel and that streamer branching, even if present, is not an
essential ingredient in the process. We base this assumption in two key observations: (1)
space stems are generally observed as bright segments within longer, dimmer channels
(Biagi et al.|,|2010; Hill et al.| 2011} and (2) in laboratory images negative streamer coro-
nas contain thick, almost-straight channels with extensions of up to one meter (Kochkin
et al.l 2014} Kostinskiy et al.l |2018)). Although these channels are surrounded by smaller
streamers, there is no reason to believe that these short bifurcations play an essential role
in the dynamics of the main channel. Interestingly, this is not the case for positive coronas
(Kochkin et al.| 2012; |Kostinskiy et al., |2018)), which may be yet another reason for the

polarity asymmetry in leader propagation.
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4.4 Discussion and Conclusions

Our results explain the formation of brighter and warmer inhomogeneities ahead of
a negative leader channel. This is the first stage in the streamer-to-leader transition in a
stepped leader. The subsequent evolution of the space stem is still not understood: namely
we do not know the mechanism that maintains the corona conductivity long enough to
reach thousands of degrees. A full understanding of lightning progression and associated
phenomena such as the emission of X-rays will only result from the successful investiga-

tion of this mechanism.
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Chapter 5

On the emergence mechanism of
carrot sprites

5.1 Introduction

First reported by|Franz et al.|(1990), sprites are filamentary electric discharges that develop
tens of kilometers above thunderclouds (55-80 km altitude). Early work by |Pasko et al.
(1996,/1998); Raizer et al.|(1998) suggested that sprite filaments are streamers, as was later
confirmed by high-speed observations (Stanley et al.,|1999; |Cummer et al.,|2006; McHarg
et al., 2007; |Stenbaek-Nielsen and McHarg, [2008)). Nowadays it is accepted that sprites
originate from a quasi-electrostatic field produced by uncompensated electric charges due
to lightning in the troposphere (Pasko et al. [1995] [1997). Several works (Lugue and
Ebert, [2009; let al., [2015; |[Kohn et al.,[2019; |Wu et al.l 2019) point out to the presence of
inhomogeneities as a requirement for the initiation of sprite streamers.

After the streamer head passage, the streamer wake develops column-like (glows)
and spot-like (beads) intricate luminous patterns (Stenbaek-Nielsen and McHargl |2008;
Stenbaek-Nielsen et al.,2020). Here we adopt the term “glow” following previous works
(Stenbaek-Nielsen et all 2013} |Luque et al.,|2016a)). These structures fade out on time
scales spanning from a few milliseconds to a few hundred milliseconds (Lugue et al.|
2016a). Observations (Stenbaek-Nielsen and McHarg,[2008;|Stenbaek-Nielsen et al.|, 2020)

report glows expanding and merging with beads, sometimes seeding the launch of upward-
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sideways streamers. Previous work about the launch of upward streamers in sprites as-
sumed that they emerge from the negative tip of a double-headed streamer (Qin et al.|
2012} 2013b), but this does not seem to be supported by observations.

Different numerical models indicate that the long-lasting emissions from glows (Luque
and Ebert,[2010; |Liu, [2010) and beads (Lugue and Gordillo-Viazquez,|2011)) stem from a
persistent electric field and current. |Luque et al.|(2016a) suggested the attachment instabil-
ity (Douglas-Hamilton and Mani,|1973,|1974])) as the mechanism responsible for glows and
beads. Simulations show the formation of glow-like structures at altitudes above which the
electric field can excite the attachment instability. The situation for beads is still unclear:
they often appear as periodic patterns in observations. [Lugue et al.|(2016a)) proposed that
they emerge from pre-existing horizontal modulations of the atmosphere.

Based on their shape, sprites are classified as carrot-sprites or column-sprites (Wescott|
et all 1998 Stenbaek-Nielsen and McHarg, |2008). The main difference is that col-
umn sprites only propagate downwards whereas carrot sprites also shoot upward-sideways
streamers in a second stage of evolution. The inception of these streamers is related to the
evolution of the inner electric field in the streamer body and therefore it depends on the
transport of charge and the dominant plasma chemistry.

In the previous chapter, we showed the spontaneous emergence of a space stem pre-
cursor due to the action of the attachment instability in a region of the streamer channel
separated from the leader tip. Nonetheless, after 100 ns the temperature stops increasing
as a result of a decreasing conductivity in the streamer channel. In sufficiently long spark
discharges, space stems are promoted to space leaders through the heating caused by an
electric current flowing through them. The mechanisms maintaining the current are so far
uncertain as we have discussed in chapter@ However, experiments (Kochkin et al.| 2016])
show that space stems are able to shoot counter-propagating streamers which may be re-
sponsible for extending the space stem lifespan. As we have described above, a similar
phenomenology is observed in a sprite streamer glow, reminiscent of a ”cold” space stem
precursor.

In this chapter we aim to study the mechanism underlying the development of carrot-
sprites. From this we can get an insight into the mechanism that enables space stems to

shoot counter-propagating streamers and understand its later development.
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5.2 Sprite streamer model

This chapter is organized as follows: in section 5.2 we describe the 3D model used to
study sprite glows and the emergence of upward streamers. This model is implemented
in Afivo-streamer code (Teunissen and Ebert, |2017; land Teunissen, 2019)), based on the
Afivo framework (Teunissen and Ebert, [2018). In section@] we provide observations of
a carrot sprite. In section [5.4] we present and discuss our simulation results and compare

them with the observation.

5.2 Sprite streamer model

To study the evolution of the upward streamer and the glow itself we use a 3D streamer
model. The equations underlying this model are described in chapter 2] This model does
not include the gas dynamics so we are left with the drift-diffusion-reaction equations for
electron and ions [2.2]and the Poisson equation [2.3]

Here, we consider ions as motionless over time scales of interest (a few miliseconds).

Regarding the chemistry, we have tested two kinetic schemes. The first one (Lugue
et al.,2016a) includes electrons, N,, O, O; s N; and O~ and accounts for impact ionization
and dissociative attachment. The second one is an extended version with more species and
some other processes such as electron detachment. A detailed description of this second
model can be found in the supplementary material of [Luque et al.| (2017). Whereas the
first model agrees well with observations, the second does not reproduce the long lasting
emissions from glows and beads and the exponential decay of the channel reported by
observations (a similar problem was discussed by |Luque et al.|(2016a))). Hence, we only
present the results of the simpler chemical scheme.

To validate our results against observations, we computed the electron impact excita-
tion of nitrogen molecules to the NQ(B3H9) and N,(C>T1,) electronic states which radiate
in the first and second positive systems of N (for details, see section[A.T]in the Appendix).

Our starting point is a single sprite streamer channel right after the streamer head pas-
sage. Thus, our initial condition consists of a vertical neutral column. Detailed streamer
simulations show that 1) the radial electron density profile is well approximated by a trun-
cated parabola (Luque and Ebert, 2014)) and that 2) n, oc n,;, when the streamer runs into

increasing air density (Luque and Ebert, 2010). As the streamer propagates downwards,
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branching or not, it transports positive charge to the lower region that leads to the decay of
the sprite. To model this we add neutral electron-ion densities in the shape of a truncated
funnel attached to the bottom of the column. Figure[5.T|shows the initial electron density,

that reads (Luque et al.,[2016a)

2 2
Neo,cn (2) —%5max (0, 1- ’—2) ¥Yr 50km < z < 80km
a(z) a(z) (51)

Necn (1, 2) =
0 elsewhere,

where n. ., (z) = Cngy(2) is the electron density at the axis of the column, n,;, (z) =
na;,,oe(‘Z/ 7.2km) ig the air density scaled at altitude z from the ground air density ng;.o =
2.5x 10 m™3 and C = 3.33x 107''. The value of C is determined from the equality
neo.cn (60km) = 2 X 10" m=3. The factor a(z) /a(z)?* ensures that the total electron density
integrated in a horizontal cross section extends smoothly from the funnel to the column.
The term ay is the radius of the column and a(z) is a continuous piecewise linear function
modeling the radius of the channel and the funnel. The funnel is characterized by the

radius of the base (5 km), its altitude (z, = 50km) and the vertex altitude (z,, = 60 km):

Zu —Z

a (z) = max (ao, X5 km) . 5.2)

u — 3b
Outside the channel our background electron density follows a Wait-Spies profile (Wait

and Spies, [1964). npy = 1072 cm™ exp (~ 5505 ) (Hu et al.,[2007).

For the results that we present in this chapter the computational domain is a 20 x 20 X
40 km? box starting at 40 km altitude and the finest resolution is 1 m. To solve Poisson’s
equation, we ground the bottom boundary and set the top boundary to 2.9 MV. This is
equivalent to a background electric field of 72.38 V/m pointing downwards, that yields
a reduced electric field E/n,;, of approximately 120 Td at around 77 km. For the lateral
boundaries we set homogeneous Neumann boundary conditions. We also apply Neumann
boundary conditions at the six boundaries to solve electron and ions equations.

Our 3D model is implemented in Afivo-streamer code (Teunissen and Ebert, 2017;
and Teunissen,[2019), which is based on the Afivo framework (Teunissen and Ebert,[2018)).
This framework includes geometric multigrid methods to solve Poisson’s equation, octree-

based adaptative mesh refinment and OpenMP parallelism. Plasma-chemical reactions
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Figure 5.1: The initial electron density consists of a vertical column and a truncated funnel
attached to the bottom of it. The funnel models the effect of a propagating positive streamer
corona on the background electric field.

and variations in the air density are newly added in Afivo-streamer code for the present
simulations.

Afivo-streamer code also includes a 2D cylindrically symmetric version of the model
explained above. We have used this 2D version as a probe for suitable conditions to launch
upward streamers. These tests show that a sufficiently high vertical electric field suffices
to launch upward conical ionization waves. In 3D, this implies that many streamers would
emerge from the glow since there is no preferred direction. Under these conditions, our
3D simulations are unapproachable because the extent of the finest grid would be too
large. Therefore, we add a small lateral component to the background electric field to

break the symmetry. By doing this we are able to study the propagation of single upward
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streamer, although more streamers emerge at later stages of our simulations. We have
tested several lateral electric fields, however we present the results of a representative
simulation, Epackgrouna = (18,0,—72.38) V/m. The initial (neutral) charge distribution
will rapidly evolve to screen the background electric field.

One typical 3D simulation, where the finest grid size is 1 m, took 3 days in 32 cores.
We have checked the convergence of our results by systematically increasing the resolu-
tion in our simulations, down to a mesh size of 0.5 m. Practically the same results were
obtained for a grid cell size at and below 1 m. Therefore, in this chapter we show results

calculated for 1 m grid spacing.
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Figure 5.2: Time series from high-speed video observations of a sprite. The sequence shows
the sprite glow and the upward streamer launch, propagation and the optical extinction of the
glow. The time origin was set in the first frame prior to the launch of the upward streamer.
To emphasize the main milestones of the evolution, intervals between the snapshots are not

uniform.

5.3 Observations

In this section we present observations of the emergence of an upward streamer from a
glowing segment. After inspecting multiple high-speed sprite observations provided by
courtesy of H. C. Stenbaek-Nielsen and M. G. McHarg, we selected one event where this
process is particularly clear. Consistent with earlier results by |[McHarg et al.|(2007), in all
these observations we did not find any event where it could be definitely concluded that an

upward streamer did not emerge from a glow.
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The selected event occurred on 5 July 2011 at 08:54:14 UTC and was associated with
a large thunderstorm complex over north-eastern South Dakota, USA. The event was ob-
served with a Phantom high-speed imager recording at 10,000 frames per second onboard
an aircraft flying at 14.4 km altitude over south-eastern South Dakota about 180 km north
of the storm.

Figure shows a time sequence of the recorded event with seven 3.29x1.55 degree
subsections from the original 15.23x7.54 degree field of view Phantom images. Once the
main channel glow is established, a negative streamer launches and propagates upward,
causing a noticeable decrease of the light emissions of the upper part of the glow. Also
remarkable is the formation of a secondary channel glow as highlighted in the figure.

We do not have the location of the event or the causal lightning stroke, but NLDN
reported 5 strikes within about 1 second of the event, all in the region within the Phantom
field of view. Assuming that the event is over that region, the range of 180 km mentioned
above, defines the altitude scale shown. Because sprites may occur several tens of km from
the causal strike (Stenbaek-Nielsen et al., 2008) there is considerable uncertainty on the
altitude. This event was observed at an elevation angle of about 18 degrees and an increase

in range by 10 km will increase the altitude by 3.3 km.

5.4 Results and Discussion

Now we focus on our numerical simulations. Figure [5.3|shows the evolution of the sprite
channel through different milestones: glow formation, upward streamer launch and prop-
agation and glow deactivation. After 1 ms the initial channel appears sharply segmented
into high and low conductivity regions below and above 70 km respectively. The emissions
in the First Positive System of molecular nitrogen (1PN2) (third row in fig. [5.3), can be
compared with the recorded event shown in Fig.[5.2] In both simulation and observations,
the lower region is almost dark whereas the low conductivity region glows strongly. 1PN2
emissions are determined by the electron density and the reduced electric field. Despite
its low conductivity, the upper region emits more intensely because the excitation rate of
the 1PN2 is highly non-linear in the reduced electric field as figure [5.4]shows. This glow-

ing structure in the upper part of the channel agrees with observations, as the first frame
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Figure 5.3: Cross sections of a 3D simulation in a box domain 20 km x 20 km X (40 — 80) km.
We show the evolution in terms of the reduced electric field (top row), the electron density
(middle row) and the emissions in the First Positive System of molecular nitrogen (1PN2).
The channel develops a sharply defined region above 70 km characterized by high reduced
electric fields and low conductivity that strongly emits in the 1PN2 for a long time. At 1.15 ms,
a negative streamer emerges close to the lower boundary of the glowing structure, propagates
upwards and connects to the electron reservoir in the upper region of the computational domain.
The rightmost two columns highlight the effect of the upward streamer on the 1PN2 emissions

for altitudes above 76 km.
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Figure 5.4: Non-linear behaviour of the rate coeflicient for the production of N, (B*IL,).

of Fig. [5.2] shows. In chapter ] we saw that the appearance of this glowing structure is
driven by the attachment instability (Douglas-Hamilton and Manil, |1973|,|1974)), which is
triggered by relatively high internal electric fields. This is the reason why sprite glows
appear in the upper region of the sprite channel (Lugue et al.,[2016a).

The boundary of the glow region is characterized by a net negative charge density as
previously shown by |[Luque and Ebert| (2010). This is due to current continuity: elec-
trons drift upwards and, around 0.8 ms into our simulation, the electron density exceeds
the density of positive ions. In the low conductivity region electrons are more effectively
converted to negative ions which, being slower than electrons, accumulate there, leading to
a surplus of negative charge that locally enhances the electric field. This electric field has
both a vertical and a lateral component, and at some point, becomes high enough to launch
a negative streamer near the lower boundary of the glow. The streamer propagates up-

wards with a velocity of 2 x 107 m/s, typical of streamer observations (Stenbaek-Nielsen
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et al.||2013)), and connects to the electron reservoir in the lower ionosphere (see ﬁgure@).
This is very similar to previous works (Pasko and Stenbaek-Nielsen),2002) and our results
(fourth frame in fig. ). Other works (Li et al.,[2011};|Bor,2013) show upward streamers
bending towards the main streamer channel. In our simulation, the upward streamer prop-
agation is mostly straight because we apply a small lateral field that charges negatively the
side of the glow closer to the negative upward streamer, which is slightly repelled.

The left plot of fig. [5.5]shows the evolution of the electric current at different altitudes

according to the following equation:

R
1= f j~ds=27rf J. (r,z = h)rdr, (5.3)
Q={r=[0,R],z=h} 0

where j, is the axial component of the current density at z = A, r is the radial coordinate
(cylindrical coordinates) and R is the radial extent of the integration domain. Solid lines
represent the electric current flowing through the main sprite channel (R = 400 m) while
dashed lines are the current flowing through cross sections spanning the full lateral extent
of the domain (R = 20 km). Initially in the main streamer channel (solid lines) the electric
current at different altitudes quickly converges (~ 0.5 ms) to the same value despite the
initial differences in the background electron density, air density and reduced electric field
for each altitude. Afterwards (~ 1.4 ms), the upward streamer sets two regions below and
above 70 km. In the whole system (dashed lines), we see sudden current increases at 74 km
and 76 km. The peaks for those altitudes at 1.3 ms and 1.4 ms are due to the passing of the
upward streamer head (Luque et al.,2017).

As visible in fig. the launch point of the upward streamer is slightly separated from
the main channel. The resulting gap or joint initially has a low electron density but around
1.4 ms, this joint between the upward streamer and the main channel becomes more con-
ductive (see Fig. and, as a result, the currents at 68 km and 70 km slope upward. Right
after, most of the current starts to flow through the secondary streamer channel, since its
higher electron density allows for a higher conductivity, and within the next 0.3 ms and for
altitudes above 70 km the current halves inside the central channel, which has lower elec-
tron density. In the system composed of both the main channel and the upward streamer
channel, Kirchhoff’s current law is a reasonable approximation despite not being strictly

applicable to this finite-conductivity, non-steady-state system. The subsequent decay of
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the currents at different altitudes seems to obey a similar decay constant. This decay is
due to the transport of charges inside the streamer channel that increasingly screens the
background electric field. Also noticeable is a current peak around 2.7-2.8 ms at 74 km.
This is caused by two negative upward streamers that symmetrically emerge from the main
channel, propagate upwards and reconnect to the main channel.

1PN2 emissions are useful to track the evolution of the main streamer channel and the
impact of the secondary channel on it. In the right panel of fig. [5.5]we plot the evolution of
the 1PN2 emissions integrated over 1 km-height boxes centered at the channel axis, with
the lateral extension of the channel diameter (800 m). The emissions at 68 km rapidly drop
due to the screening of the electric field. At other altitudes, specially at 76 km, the effect of
the upward streamer is clear after the rise in conductivity in the joint between the upward
streamer and the main channel (see Fig. [5.3). Above 70km the upward streamer induces
a reduction of the light emissions whereas below 70 km the emissions slightly increase.
When the upward streamer effectively connects (joint becomes conductive enough) to the
main streamer channel, the joint glows strongly (at around 1.5 ms in Fig. [5.3). In the
observations of Fig. this occurs around 0.3-0.5 ms. Later, the emissions in the upper
section of the glow decay noticeably. The optical structure of the remnant emissions in
the last two frames matches what we see in our simulations (Fig. , where most of the
emissions come from the lower part of the glow and the region of the upward streamer
channel closer to it.

The last stage in the evolution of the upward streamer in our simulation reveals an in-
teresting result (fig. [5.3] last column). The secondary streamer channel develops a sharply
defined glowing similar to the glow in the main channel. This portion of the secondary
channel has entered the attachment instability regime at around 1.4 ms. As a result, the
upper boundary of this structure is positively charged and, by a mechanism similar to the
one we have described above, it may launch a positive downward streamer. The result-
ing optical emissions in that case would feature a vertical channel accompanied at its side
by an inverted V. Although infrequently, this formation has indeed been observed and is
called “angel” sprite (Pasko et al.,2012;|Bor, 2013).

As mentioned above, we tested two chemical models. We discarded one including

detachment because it cannot reproduce long-lasting glows beyond the detachment time

107



5. ON THE EMERGENCE MECHANISM OF CARROT SPRITES

Lat. streamer
head passage

10?

Lat. streamer|
channel connection

Intensity (A)

— 68 km
— 70 km
— 72km

74 km - -
— 76 km - -

10!

Lat.
streamers
reconnection

S

68 km
70 km
72 km
74 km
76 km

Lat. streamer
channel-connection—

Lat. streamers
reconnection

00 05 L0 15 20 25 30
Time (ms)

35

05

y It
1.0 15 2.0
Time (ms)

2.5 3.0

3.5

Figure 5.5: The left plot shows the evolution of the electric current flowing through the main
streamer channel (solid lines) and the whole domain (dashed lines). Sudden peaks in the cur-
rent reveal the passing of the upward streamer head at that altitude. At around 1.4 ms the up-
ward streamer channel and the main streamer channel get effectively connected cutting off the
current flowing in the main channel above 70 km. Subsequent peaks in the current at different
altitudes are caused by two negative streamers that emerge from the glow and reconnect to the
main channel. The plot to the right shows the emissions from the 1PN2 integrated over a 1km-
height box. It clearly shows the effect of the upward streamer, specially at 76 km. Nonetheless,
there is also a decrease in the luminosity for 72 km and 74 km.

scale around 2 ms. An extensive discussion about the implications of detachment on the
glow emissions can be found in|Luque et al.|(2016a). According to other simulations that
we do not provide here, detachment delays the upward streamer but does not prevent it as

long as its onset occurs before 2 ms (in our simulations) .

The morphology of the sprite is related to the electric field at mesospheric altitudes. We
tested electric fields with smaller vertical components, and we found that for lower electric
fields the glow is shorter. This means that the upward streamer, if it were to appear, would
emerge later. If the glow is too small to accumulate enough charge at the lower boundary,
it is unlikely that it launches upward streamers. Column-sprites, which are associated to

less intense electric fields (Qin et al.,2013alb)), would hardly launch upward streamers.
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5.5 Conclusions

Our simulations show for the first time the evolution of a sprite streamer channel where
a glow region forms in its upper part and launches several upward streamers. We have
proposed a mechanism for the emergence of carrot sprites: the sprite glow results from an
attachment instability that seeds the lower boundary of the glow with negative charge that
locally enhances the electric field and finally launches an upward negative streamer. The
evolution of the upward streamer and the glow itself agrees well with observations for the
time scales we have simulated. Essentially, the upward streamer cuts off the current flow-
ing from the lower part of the sprite channel to the glow region, which then darkens. This
agrees with many observations where the glow gets dimmer once the upward streamers are
emitted. Of course, the details depends on the strength and number of upward streamers.
In their last stage, our simulations reveal a region in the upward streamer that mimics the
glowing structure in the main channel. We have seen that positive charge accumulates in
its upper boundary. This new region might be the origin of positive downwards streamers
which would give rise to the “angel” sprite structure (Pasko et al.,2012; |Bor, [2013). Ob-
servations rarely report “angel” sprites and in our simulations, we have not succeeded in
reproducing them. Therefore, its production must be constrained to a small subset in our
parameter space.

There is still a puzzling question concerning the electron detachment in sprite simula-
tions. It is a process that we should consider to study the streamer propagation for suffi-
ciently long times. However, results point out that detachment should somehow be sup-
pressed or treated in a different way. At atmospheric pressure the presence of a sufficiently
high water concentration effectively suppresses the electron detachment (see chapter [).
Noctilucent clouds reveal the presence of water at sprite altitudes. Whether this suffices
to affect detachment noticeably is still unknown. Nevertheless, water is a candidate to be
considered in future work.

In this chapter we have seen how the attachment instability is able to develop sharply
defined regions in sprite streamer channels that readily launch upward-sideways stream-
ers. This could be somehow similar to those streamers that emerge from the space stem

precursor. We have also seen that the electron detachment is closely related to the lifetime
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of persistent glowing structures in sprites. In the next chapter we will explore the influ-
ence of water in the space stem development as well as the role of secondary streamers in

sustaining the electron conductivity in this region.
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Chapter 6

Stepping mechanism in humid air

6.1 Introduction

An outstanding problem in long spark discharges is the polarity asymmetry: Observations
of natural and artificial lightning (Hill et al.| 2011} Biagi et al., 2010, [2014}; |Gamerota
et al., 2014; \Jiang et all 2017), as well as laboratory long spark discharges (Les Re-
nardieres groupl|1978a; |Gorin et al.|1976), show that in virgin air negative leaders prop-
agate in a stepped manner, mediated by an isolated segment in the streamer corona, the
space stem. On the other hand, positive leaders propagate in a continuous fashion in the
most common laboratory conditions of dry air and fast rise-time voltage generators. (Les
Renardieres groupl,|1978b; |Domens et al., (1991} |Gallimberti et al.,[2002]).

By stepping, we mean an abrupt elongation of the leader channel followed by a streamer
corona outburst emerging from the new leader tip. The stepped propagation is not exclu-
sive of negative leaders.In lightning, positive leaders exhibit both, continuous and stepped
propagation (Rakov and Umanl, 2003b; \Wang et al.| 2016} |Srivastava et al., [2019; |Gao
et al.}2020). Some authors (Saba et al.2015)) argue that in some cases, the stepped prop-
agation of positive leaders may be triggered by steps of a negative leader tip at the opposite
end of the channel and therefore not a feature of its own. However, studies of laboratory
positive leaders carried out by|Les Renardieres group|(1978b)) and more recently by |Kostin-
skiy et al.| (2018)) observed the abrupt elongation of positive leaders in conditions where

they could discard an induced stepped propagation.
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Yet, an important feature is still missing in the positive leader stepping. The observa-
tion of space stems is limited. |Kostinskiy et al.|(2018)); |Huang et al.| (2020) observed the
formation of space-stem-like structures in the streamer corona of positive stepped leaders
under high humidity conditions. Similar structures were observed in stepped positive lead-
ers in triggered lightning by (Jiang et al.l|2020). In none of these cases, it is clear whether
these structures extend from the primary channel or there is an actual gap.

Humidity conditions seem to be a relevant factor to understand the stepped propagation
of leader discharges. There are two well known effects on a streamer channel regarding the
water vapor content of air (Gallimberti, |1979; |Phelps and Griffiths, |[1976)): 1) an increase
of the 3-body attachment rate and 2) it prevents the electron detachment from O~ and O
through the formation of water clusters O~ (H,0) and O; (H»0),.

In chapter 4, we showed the formation of space stem precursors ahead of a leader
channel and stressed the importance of water vapor on its onset. However, those results
were limited to a time scale of 100ns. This chapter is a step forward in the modeling of
the streamer-to-leader transition. To do so, we update the model described in chapter 2
by extending the chemistry used in chapter 3, tracking the evolution of the N, vibrational
energy, and taking into account the effects due to the non-equilibrium condition 7y > T.
With our updated model we study the evolution of a space stem precursor for longer time
scales under a current-driven approach in dry and humid air, trying to understand the
effects of water vapor on the streamer-to-leader transition. The forced current is meant
to mimic the effect of a counter-propagating streamer corona launched from the space

stem.

6.2 Model

In this chapter, we study the early stages of the streamer-to-leader transition driven by an
externally imposed electric current / that results from the inception of a counter-propagating
streamer corona from the space stem. In chapter 3, we worked with temperatures of a few
Kelvin above room temperature and therefore we considered the system decoupled from
the vibrational degrees of freedom, i.e. the characteristic time of our system was much

shorter than the vibrational-translational relaxation time scale.
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This time, the system will reach 1000 K to 2000 K and a non-equilibrium vibrational
evolution Ty > T. Thus, it is convenient to track the evolution of the vibrational energy

of N, molecules, which is given by the following equation (da Silva and Paskol 2013

agvi e
atb +V - (eupV) = 07, (6.1)

3 ff

where &, is the vibrational energy density and Q-

is the net energy density deposition
rate in the vibrational degrees of freedom. The vibrational energy is related to the (effec-
tive) vibrational temperature 7'y through the harmonic oscillator formula (Capitelli et al.}

2000)

ny,iw

hew >
efsTv — 1

(6.2)

Evib =

where 7iw = 0.29¢V is the vibrational quantum of the N, molecule and ny, is the N,
number density.

Note that in equation we neglect the diffusion of vibrationally excited nitrogen
molecules (Shneider et al.,[2012) since the associated time scale is on the order of tens of
microseconds, still far from the time scales that we will reach.

As we discussed in chapter 1, the drifting of charged species, that is, the electric cur-
rent, underlies an energy exchange between charged particles and the neutral molecules of
the background gas. The power density released by the electric current is given by equa-
tion[d.2] Figure[6.1|shows the energy flow of the Joule heating term Q. The ionic power
Q; is considered to instantly relax into translational energy (da Silva and Paskol 2013).
On the other hand, the electronic power Qp is unequally distributed between the different
degrees of freedom. Most of it goes to vibrationally excite nitrogen molecules (Qy). The
second largest contribution goes into the excitation of N,, O, and H,O electronic states,
including ionization. A small part of the electronic power is spent in elastic collisions Q;
and the excitation of rotational levels of N, but also O, and H,O (Capitelli et al., 2000)
Rotational levels quickly relax into translational energy and thus, we include them in the
term Qy. The electronic states are mainly deactivated by quenching collisions. The time

scale associated with this energy exchange is shorter than the heating time scale and there-
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Figure 6.1: Energy flow chart that shows the partition of the Joule heating term Q into the
different degrees of freedom of the background gas reproduced from |Liu and Becerra (2017)

fore this contribution is referred as fast heating (Popov, [2011])), usually denoted as Q7. In
this work we assume that Qr =~ 30%QF (Popov, 2011).

Here, we calculate Qy and Qp using Bolsig+ (Hagelaar and Pitchford, 2005). For
the electronic power, we take into account electron-impact reactions, step-wise ionization,
excitation of electronic states, and electron-impact dissociation reactions (see section
in the Appendix).

There are three different mechanisms for the vibrational-translational energy exchange

that we note as Qyr, Qvy and Qp in figure[6.1]

The term Qyr refers to the vibrational-translational energy exchange in collisional-

quenching deactivation of N, (v = 1) vibrations, that is,

Ny(=1)+M; - Ny (v=0)+ M, (6.3)
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where M; denotes the species in Table@ Qyr is given by (Capitelli et al.| [2000)

Evip (1) — &4ip (T)
Tyr ’

QOvyr = (6.4)

where Ty7 is the vibrational-translational relaxation time scale defined as (Chernyi, |2002))

1 =(1—e‘%)ZkJVTnjL,~, (6.5)
Tyr 7
with k}’T being the de-excitation rate coefficient of the vibrations N,(v = 1) with jth
species (see Table ) and £ ; the Losev correction factor (Capitelli et al.,[2000) that takes
into account the dependence of Qyr on the vibrational temperature and the anharmonicity
of the N, potential. However, we will set £; = 1 since the correction in Qyr due to
these effects is negligible compared to the weight of the translational temperature in the
vibrational-translational time scale.

A nitrogen molecule can be excited vibrationally (v — v’, v’ > v) by electron impact.

This excitation requires a quantum of energy 7iw. The energy is not indefinitely stored in

the first level but can be exchanged through the vibrational-vibrational (VV) reaction

Ny (@) + Ny (') > Ny (0= 1)+ Ny (v + 1) for v/ >, (6.6)

populating higher vibrational levels. However, due to anharmonicity effects (unequal en-
ergy spacing between vibrational levels) part of the quantum energy is lost to translational
energy degrees of freedom. The rate of vibrational (translational) energy loss (gain) asso-
ciated with VV exchange is denoted by Qyy. Nonetheless, this is a minor effect compared
to the mechanism associated with Qyr. In this work, we will not consider this contribution.

The strong vibrational-translational non-equilibrium, i.e. Ty > T, increases the dis-
sociation rate of N> molecules (see section[A.2]in the Appendix) and therefore the density
of vibrationally excited nitrogen molecules in the dissociation level v = v,,,,. The dissoci-
ation of N, molecules removes 2Qp from the vibrational energy pool where Qp = 8]?]25 D>
S p is the net dissociation rate of reactions Rgj_gs and Roe, and Sﬁz = 9.76 K is the energy
loss per dissociation act. The factor two in the energy rate removal comes from anhar-

monicity effects (Marrone and Treanor, |1963).

115



6. STEPPING MECHANISM IN HUMID AIR

Species k}/T (cm3 s‘l) ‘ Reference
Ny, 0,,NO 6.4 x 10~ 2 exp (—137/T%) (da Silva and Pask0:2013z
H,0 2.06 x 107" exp(—54.3/T7) (Popov,2016) |
N,O 2.3x 10 P exp (—12) + 2.7 x 10~ exp (- 1B%) | (Capitelli et al.,2000) |

Table 6.1: De-excitation rate coefficients of N,(v = 1) with the jth species.

Moving on to the initial conditions, our streamer channel consists of a pre-ionized neu-
tral plasma with a depleted density around the center that mimics the space stem precursor

of chapter[d|and is given by:

2
. -5
Ne = Neo €Xp| —— 1 —dexp|- 5 , 6.7)
o

o

where 1, = 2x 10**m™ is the peak electron density, d = 0.5 is the depletion depth,
o4 = 3mm is the depletion width and o = 0.3 mm is the radial e-folding length (da Silva
and Pasko, 2013)).

Following the work by |Popov| (2003); lda Silva and Pasko|(2013) we will use a driven-

current approach so that the axial electric field is

0
Ez = EOhm - (9_¢, (68)
Z
where Eop, is calculated from the current / through Ohm’s law (Popov, |2003))
1
Eown = ———— (6.9)
fo o (r)2nrdr

and ¢ is the electrostatic potential created by space charges in the domain with homoge-
neous Dirichlet boundary conditions at z = 0 and z = L and free boundary conditions at
the outer radial boundary following the method of chapter [3] The actual size of the com-
putational domain of our simulations is 2 cmx0.3 cm. We set a current [ = 1 A (da Silva
and Pasko),2013)) and we vary the water content: from 0%, passing by 1.5% and till 3% of

absolute humidity at STP.
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Figure 6.2: Evolution of the electron density (left panel) and electric field (right panel) at the
space stem (solid lines) and far from it (dashed lines) under different humidity conditions. For

humid air, the inhomogeneity is preserved and enhanced.

6.3 Results and discussion

Figure [6.2] shows the evolution of the electron density and the electric field for a point in
the space stem region (solid lines) and far from it (dashed lines) in dry and humid air with
a water content of 1.5% and 3%.

The first thing to notice is that the electron density experiences an inversion, i.e., the
electron density at the space stem initially lower, surpasses the electron density outside of
it. This is something that we expect in a constant drive-current approach: initially, those
regions with a lower electron density are exposed to a higher electric field, in fact, above
the breakdown value, which leads to a higher ionization rate.

After this quick ionization process that takes less than 10ns, the electric field at the
space stem decreases. In dry air, the subsequent electric field is above the breakdown
value and the electron density increases. This is not the case for humid air, in which the
electric field drops below breakdown leading to further electron depletion.

Nevertheless, in humid air, the electric field is significantly higher than in dry air. The

main consequence is a more profuse production of O~ ions and atomic oxygen through the
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dissociative attachment reaction

e+0, > 0+0". (6.10)

In dry air, O™ quickly serves as the main source of electrons in the detachment reaction

O0+0 —e+ 0. (6.11)

However, in humid air, water molecules clusterize around O~ in the reaction

O +H,O0+ 0, = O (H,0) + 0y, (6.12)

preventing an early detachment through reaction[6.11} As a result, (see fig. [6.2) in humid
air, the inhomogeneity is preserved while it is removed in dry air. This also manifests in
the evolution of the gas temperature (see Fig[6.3): the space stem heats up to significantly
higher temperatures than the rest of the channel.

In humid air, an enhanced electric field is sustained around 100 ns, readily producing
O~ ions and O atoms. Electron detachment through reaction is the main mechanism
supplying electrons back to the streamer channel once these two species become suffi-
ciently abundant. Note that the electron density and temperature increase more abruptly in

humid air than in dry air, due to this higher abundance.

6.4 Conclusions

In this chapter we have studied the evolution of a space stem precursor in a driven-current
approach in dry and humid air. Under moderate electric fields, results show that water
plays a role in preserving and enhancing electron inhomogeneities in the streamer channel
as opposed to dry air, where they tend to dilute due to electron detachment processes.

As it has been discussed, space stems mediate the stepping propagation of negative
leaders. Stepping has also been observed in positive leaders, but a clear sign of space
stems is still absent. Our preliminary results and the experiments by |Kostinskiy et al.

(2018) highlight the relevance of water in the stepping mechanism.
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Figure 6.3: Evolution of the gas temperature at the space stem (solid lines) and far from it
(dashed lines) for different content of water in air. In humid air, the space stem heats signifi-

cantly faster increase of temperature is more abrupt than in dry air.

In chapter 3 we discussed the emergence of space stem precursors in streamer coronas
at a smaller distance from the leader tip for positive polarity. As we argued, the attach-
ment instability is favored by sufficiently high inner electric fields in the streamer channel,
a condition that is more easily fulfilled in negative streamers. In humid air, clustering
processes, enhanced attachment and electron-ion recombination lead to a more prominent
electron depletion that turns into a high inner electric field in the streamer channel. These
conditions are more suitable to produce space stem precursors in the streamer corona of

positive leaders, away from the leader tip and therefore, easier to resolve in observations.
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Chapter 7

Summary and conclusions

7.1 Summary

Negative leaders in long spark discharges (> 2 m) propagate in a stepped fashion, meaning
that they suddenly jump after standing still for a few tens of microseconds. This propaga-
tion is mediated by the so-called space stem, an isolated, bright and warm plasma segment
inside the streamer corona ahead of the leader. The space space stem shoots counter-
propagating streamers that pave the path for its bidirectional propagation until it connects
to the main leader channel. In this way, the negatively charged end of the space stem be-
comes the new leader tip and a step is completed. Despite its relevance, the mechanism
underlying the space stem onset remains elusive.

The sequence of events described above mostly comes from observations from natural
lightning and artificial discharges. However, these observations are still far from resolving
the smallest space and time scales that could shed some light on the formation of the space
stem. At this point, numerical simulations turn out to be relevant. They allow us to study
electric discharges in a controlled environment impossible to achieve in a laboratory.

To study the propagation of leader discharges we have developed a numerical model
that couples the transport of charged species and their electrostatic interactions and gas
expansion and heating. This model has been built on top of CLAWPACK, a library that
implements Finite Volume Methods. Besides, long electric discharges involve widely sep-

arated scales that on uniform grids call for scalable models. In order to address this issue,
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7. SUMMARY AND CONCLUSIONS

our model is based on the MPI framework.

State-of-the-art numerical models seek the efficient solution of the equations at hand.
Our model is built upon a uniform grid. In these cases, solving Poisson’s equation becomes
a very time consuming task. To address this issue, we implemented a method that allows
us to encapsulate the discharge in a narrow computational domain, halving the computing
time. We have also applied this method to speed-up of the photoionization term. This
method and the test simulations are presented in chapter [3| and published in |Malagon-
Romero and Luque|(2018)).

Our model is scalable, meaning that it is able to run in thousands of computing cores.
Taking advantage of this, we requested access to MareNostrum 4 and Picasso, supercom-
puters belonging to Red Espafiola de Supercomputacion (RES), where we have run most
of the simulations presented in this thesis.

The first of our simulations was run in MareNostrum 4. We studied the propagation of
a negative streamer emerging from the leader tip. We tested our hypothesis, whether an at-
tachment instability is a feasible mechanism to explain the onset of space stem precursors.
Our results showed that the space stem emerges in the streamer wake close to the non-
uniform electric field adjacent to the leader tip. This non-uniform electric field causes a
narrowing of the streamer channel that enhances the electric field triggering the attachment
instability locally and leading to a locally warmer plasma inhomogeneity. However, after
around 100 ns, the heating in the space stem stalls. As we argue in chapter[d] this is due to
the drop of the electric current in the streamer channel. We then propose mechanisms to
maintain this conductivity such as ionization waves or new streamer bursts emerging from
the space stem. All the results and discussion about this topic are presented in chapter [

and published in Malagon-Romero and Luque| (2019).
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7.2 Conclusions

Experiments show counter-propagating streamers emerging from pilot-systems. In the
literature, this is pointed out as a mechanism that promotes the heating in the space stem.
Similar phenomenology is observed in high-altitude electric discharges known as sprites
that develop structures known as glows that shoot counter-propagating streamers. Our next
step was to understand how the charge is distributed in these structures so they can launch
these streamers. To do that we used a 3D streamer model (AFIVO) and we simulated pre-
ionized sprite streamer channels. We observed that glows emerge due to an attachment
instability triggered in the upper region of the channel (above 70km). This attachment
instability leads to accumulation of negative charge in the lower boundary of the glow.
Once the electric field in this region is high enough, numerous negative streamers are shot
upwards. This is essentially the mechanism underlying the carrot-sprite structure. These
results are discussed in chapter and published in|Malagon-Romero et al.|(2020).

Unlike negative leaders, positive leaders mostly propagate in a continuous fashion.
Recently, experiments showed positive stepped propagation and possible signatures of
space stems in highly humid environment. We then moved to study the influence of wa-
ter molecules in the stepping mechanism. We know that current has to flow through the
space stem to heat it up to several thousand degrees. Then, we assumed a constant current
flowing through a pre-ionized streamer channel with a plasma inhomogeneity embedded
in its center mimicking the space stem. We carried out simulations in dry air and humid
air at different water concentrations. Our results show that under the same current, the
inhomogeneity is wiped out in dry air while it is enhanced in humid air. This is mostly
due to the clusterization of water molecules around O~ and 0; ions, that prevents the elec-
tron detachment, the main mechanism feeding the streamer wake with electrons after the
streamer head passage. This topic is presented in chapter [6]and we are working to publish

the results.

7.2 Conclusions

In this thesis we have investigated the propagation of leader channels in lightning and
long spark discharges using our in-house electro-hydrodynamic code. These are the main

conclusions from this work:
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o Chapter 3} The performance of Poisson’s solvers based on uniform grids depends
on the computational domain size. Elongated discharges such as leader and stream-
ers are suitable for narrow domains. The method that we propose, allows to tightly
wrap the computational domain to the discharge, halving the computing time of the

simulation for the test cases that we explored.

o Chapter[d Space stems are one of the most enigmatic elements in the streamer-to-
leader transition. They are readily produced in the advance of negative leaders in
virgin air. The results of the numerical model described in Chapter 2] show that the
propagation of streamer channels in highly non-homogeneous leader-like electric
field environments lead to narrow regions in its wake where the attachment insta-
bility is triggered depleting electrons and leading to plasma inhomogeneities that
resemble space stems. This confirms the attachment instability as a feasible mecha-

nism for the onset of space stems.

. Chapter[’g't Pilot system structures as shown in|Kochetov et al.|(2011) shoot counter-
propagating streamers. These streamers are believed to heat the space stem to be-
come a space leader. A similar phenomenology has been observed in sprite glows.
Our results show how an attachment instability leads to a charge distribution that en-
ables sprite glows to shoot counter-propagating streamers. This mechanism explains

the well-known morphology of carrot sprites.

o Chapter [6} Space stems emerge in the streamer wake due to the action of an at-
tachment instability in highly non-uniform electric fields and the charge distribution
enables them to shoot counter-propagating streamers. These streamers force a cur-
rent through the space stem. For the fist time we show how the space stem develops
in a forced-current approach in dry and humid air. Our results point out to the rel-
evance of water vapor chemistry in the study of the space stem precursors. Water
molecules prevent electron detachment by clustering around negative ions. As a re-
sult, electron inhomogeneities such as space stem precursors are enhanced in humid

air.
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Chapter 8

Future Work

8.1 Future Work

Using the model described in chapter [2| we have carried out two different kinds of sim-
ulations: 1) simulations where we consistently studied the evolution of the conductivity
in a advancing streamer channel emerging from a leader-like tip (see chapters [4) and 2)
simulations where we imposed a constant current in a pre-ionized streamer-like channel
(see chapter[6)).

Both types of simulations contributed to study the evolution of the conductivity in the
streamer channel for different time scales. However, consistently following the micro-
physics of a propagating streamer channel is computationally challenging, not to mention
the present unfeasibility to simulate the microphysics of a streamer corona. An alterna-
tive are the so-called tree-models (Luque and Ebert, |2014)), where streamers are modeled
as macroscopic channels with a velocity, radius, conductivity and branching probability.
These models require some improvements such as time-dependent resistance. This resis-
tance varies due to the balance of attachment and detachment processes that we have seen
are the key to describe the formation and evolution of space stems.

The results obtained in this thesis provide a time evolution of single streamer channels,
which can be used as an input for tree-models. Our next step is to couple the leader model
with a circuit model for a streamer corona based on |Lugue and Ebert (2014) with the

improvements mentioned above. The coupling of the streamer-corona model to the leader
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8. FUTURE WORK

model takes place through the exchange of charge at the anchor points filaments-leader,
that is, the boundaries of the former leader model, the electrostatic interactions leader-

corona and the joule heating of air due to the current within the filaments.

126



Appendix A

Chemical models

A.1 Light Emissions

Our discharge develops in a high pressure regime (atmospheric pressure), therefore the
dynamics of the charged species is heavily dominated by collisions. A fraction of these
collisions excites electronic states such as NZ(B3H9) and N,(C>I1,). These electronically

excited states undergo radiative deactivation:

No(B*T1,) — yeps + Na(A’ZH), (A.12)

No(C*TL,) = ysps + No(BT1,), (A.1b)

and produce emissions known as First Positive System (FPSﬂ and Second Positive System

(SPS) respectively. These species can also be collisionally quenched:

Ny (BT, + N, — 2N, (A.2a)
No(B’I1,) + 0, = N, + 20, (A.2b)
N(C’T1,) + N, = Na(@'Z)) + N, (A.2¢)
No(C°T1,) + O, —» N, + O3P) + O(1 S). (A.2d)

In our code we used electron impact excitation rates for reactions (A.I)) obtained from

BOLSIG+ |Hagelaar and Pitchford| (2005) using the cross-section database |Phelps and

T Also denoted as 1PN2 in this thesis
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A. CHEMICAL MODELS

Pitchford| (1985)). The reaction rates for the collisional quenching reactions (A.2) have
been obtained from |Capitelli et al.|(2000).

A.2 Chemical model

Table[A.T]lists all the chemical reactions considered in this chapter[6] This chemical model
extends the model used by (da Silva and Paskol 2013} |Liu and Becerra,|[2017)), by adding
water clusters around O~ and OH~. These clusters turn out to be relevant by affecting
the electron detachment time scale. The rates for reactions denoted as f(E/N) indicate a
dependence on the reduced electric field (E/N, with N = n,;,). These rates are calculated
from Bolsig+ |[Hagelaar and Pitchford (2005)), using the cross-section data from |Phelps
and Pitchford (1985) and |ltikawal (2005)), both retrieved from the Lxcat web (Pancheshnyi
et al. [2012).

Now we move to explain the magnitudes appearing in table[A.T] The electron temper-
ature T, as a function of the reduced electric field is given by

E/N

0.46
T,=T+a,|—— , A.
+a (le) (A.3)

where T is the background gas temperature and a, = 3648.6 K (Vidal et al.,|[2002).

The ion temperature is calculated following |Benilov and Naidis| (2003) as

(A.4)

being a; = 0.13 K. The effective ion temperature T.g is defined as (Capitelli et al.,|2000)

m;T + mT;
Tt = = (A-3)
1

where m; and m are the masses of the colliding ion and neutral respectively.
A consequence of the vibrational-translational non-equilibrium is the acceleration of
electron-impact processes due to super elastic collisions with Ny(v = 1). We take into

account this effect with a factor F following |Benilov and Naidis| (2003))

exp (-fiw/kpT,)

F=exp|C E/N?

(A.6)
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A.2 Chemical model

where kg is the Boltzmann constant and C = 6500 Td?.
Another consequence of this non-equilibrium situation is the enhancement of the dis-

sociation rate of N,. This effect is considered through the factor

Z({T,Ty) =

1 —exp (-hw/kgTy) ex (_ bp _BT) (A7)

1 —exp (—hw/kgT) T
where 6p = 113 260 K is the dissociation temperature of N, 8 =3 and 1/T,,, = 1/Ty—-1/T.
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